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ABSTRACT

The line shape for optical absorption by creation of an exciton is
essentially proportional to the imaginary part of the Green's function for
the exciton. In pure crystals, the breadths of the exciton lines are due
to the interactions between the excitons and the phonon system. At suffi-
ciently high temperatures, the nuclei may be considered infinitely massive,
and the exciton moves in a static random potential caused by thermal Tfluc-
tuations of the lattice. Previous attempts to understand the effects of
phonon. interactions on the optical absorption have usually been based oxn
perturbation theory or on variations in which a selected infinite set of
graphs in the perturbation expansion are considered. Two new approaches,
not dependent on perturbation theory, are here presented, for studying the
effects of static thermal fluctuations on the exciton Green's function.
The first of these is a method for exactly solving some simple one-dimen-
sional models; the second is an approximate method, applicable tc three-
dimensional systems, for studying the region of the low-energy tall of the
absorption spectrum, a region in which perturbation technigues appear to
be inapplicable.

The one-dimensional method is a procedure for finding the spectral

density A(k, E) of a particle in a random potential, when the potential at
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each point is independent of the potential at every other point on the line.
The method is applied to a model of an effective mass exciton moving in
a white-Gaussian-noise potential, such as may arise from thermal deformations
on a continuous elastic string. It is also applied to a model of an exciton
in a band of finite width, in which the exciton is confined to discrete
lattice sites, and the Hamiltonian has matrix elements between nearest
neighbor sites. Modifications of the procedure can be used to find the
phonon Green's functions for a chain of atoms of random mass and to find
various two-particle functions, such as the electrical conductivity of a
system of non-interacting electrons in a random potential or the line shape
for interband optical absorption, when the electron and hole do not interact.
The approximation for the low energy tail is based on the assump-
tion that almost all of the exciton eigenstates at a given energy have ap-
proximately the same shape. It is shown that the spectral density can be
approximately calculated when this shape is known, and a variational pro-
cedure is derived which gives the best possible estimate of the shape of
the wavefunction. For fairly general systems, the optical absorption at
frequency w in the low energy tail has the form AOQD, T Jexp[ =~ UOQD - - cr)/r1,
where T is.the absolute temperature, AO is a slowly varying function of w and
T, UO is a function independent of the temperature, and wb and C are constants.
The various functions and conétants can be at least approximately calculated
if the exciton band structure, elastic constants, and exciton-phonon coupling
constants are known for the crystal. These calculations are rerformed ana-
lytically for an exactly solvable one-dimensional model, and very good agree-
ment is found between the approximate theory and the exact asymptotic form

of the spectral density.



- iii -

The theory of the low energy tail is compared with the
experimentally observed Urbach's rule. Although consistent with Urbach's
rule, the theory does not predict Urbach's rule for simple exciton models.
A full test of the theory requires detailed knowledge of band structure
and phonon interactions, and cannot yet be carried cut for any real
crystals. DPossible effects of finite nuclear masses have also been

investigated.
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INTRCDUCTION

The dependence of the optical absorption by materials on the
wavelength of the incident light has long been a very rich source of inform-
ation on the structure of matter. The greatest scientific interest has
been in the number and location of peaks and discontinuities in the absorp-
tion spectra. In atomic spectra, the peaks form a series of very sharp,
discrete lines, which directly tell us the energiles of various excited
states of the atom. Sharp threshholds for coninuum absorption likewise
appear, which tell us the binding energy of electrons in the atom. In
solids, the positions of peaks and threshholds are studied in order to
determine the nature of the energy bands for electrons in the material.

The fact that peaks and discontinuities in the optical absorption by solids
are never sharp, bul are broadened over a range of energles, is generally
considered an unfortunate complication, which makes the extraction of pre-
cise information about the energy bands very much more difficult. Yet the
shapes of these broadened peaks and thréshholds themselves contain inter-
esting and potentially useful information, and the challenge of understand-
ing these line shapes is one which has been welcomed by theorists.

In the vicinity of the fundamental absorption edge, an important
factor affecting the line shapes for optical absorption by a pure non-
metallic crystal is the coupling between electronic states and lattice
vibrations. The principal techniques which have been used to date to study
the effects on optical absorption of the electron-phonon coupling have been

perturbation thecry and variations which, in effect, sum a selected infinite



set of terms in the perturbation expansion. It is the major purpose of
this thesis to present several new techniques, not dependent on perturb-
ation theory, for studying absorption line shapes in a lattice with in-
finitely massive nuclei. After a brief introduction to the general theory
of optical absorption (Chapter I), we discuss some one-dimensional models
for which the optical absorption may be calculated exactly (Chapter II).
We then consider an approximate theory, applicable to three-dimensional
crystals as well as to the exactly solvable one-dimensional models, which
treats the region of the low-energy tail of the absorption spectrum, a
region in which perturbation techniques are generally inapplicable (Chap-
ter III). Finally, we compare our theory of the low energy tail with the
experimentally observed Urbach's rule (Chapter IV). Included in this
comparison is an investigation of the possible effects of finite nuclear
masses.

Organization. Footnotes, tables, figures, and appendices are

compiled separately at the end of each of the four chapters. Equations are
numbered by section, separately for each chapter, and a reference in any

- chapter to an equation number refers to the same chapter, unless otherwise
stated. Thus a reference found in Chapter IT to Equation (1.24) would

refer to Bquation 24 of Section 1, Chapter II.



CHAPTER I

GENERAL THEORY OF OPTICAL ABSCRPTION

~Section 1. General Formulation

Let us consider an idealized experiment for measurirg the
optical absorption of a material. We obtain a slab of meterial which is
infinite in the x- and y-directions, and which has a thickness d in the
z-direction. We place on one side of the slab a source of monochromatic
light traveling in the z-direction, and we measure the amount of light
emerging from the other side which is still traveling, accurately, in

the z-direction. The optical absorption constant or abttenuation constant

is defined as the limit, for large d, of the derivative with respect to
d of the logarithm of the transmitted light intensity, for a fixed inten-
sity of incident light.

We assume that the transverse electromagnetic field is

described by a vector potential

- it
A(r, t) = A(r)e % 4 complex conjugate , (1.1)

~ o~

where w, the frequency of the 1light, is a positive quantity. If the co-
ordinate system is chosen so that the material lies in the region 0 <z < 4,
then the transmitted wave occurs in the region z > d. The transmitted wave

has the form

Alr) = A,

where k = w/c, and ¢ is the speed of light. In the region z < 0, we have

(1.2)

both incident and reflected waves:
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Alr) = A, e ,p 2 (1.2a)
Inside the medium, %(E) obeys Maxwell's equations in the form

(0" @+ v A) = - bxet j(r), (1.3)

where [i(z) e_iwt + complex conjugate] is the transverse current at position
r. We assume A sufficiently weak so that g may be calculated from a linear
response function:

k) = - c_lfg(z, r'; ®) A(r') ar' . (1.4)
When r and E’ are sufficiently far from the edges of the material, é is &

function only of (r - r') and can be written as

Alr, r'; ) = (Eﬂ)“Bjeig' (') Alg, ) dg , (1.5)
where the function é(%, w) is a characteristic cf the bulk material.
(Actually, é<£’ r'; o) is invariant only under translations by a crystal
lattice vector, and Q(%, ®) should really be a matrix between all momenta
differing from g by a reciprocal lattice vector. These "local field cor-
rections™ cause complications which do not change the essential features of
the optical absorption, and we shall ignore them here. )

We shall be interested in é(g, ®) only when g lies along the z-axis,
and shall write g as a function of the scalar variable 9. We shall assume that
the material has sufficient symmetry so that é has principal axes which are
independent of ¢, as long as ¢ is in the z-direction. If we pick the polariz-
ation of A to lie along a (transverse) principal axis, we may then treat A and
A as scalars.

If the response function falls off sufficiently rapidly as

r - {’Ibecomes large, (no anomolous skin effect), then A(q, &) may be

extended to complex values of ¢, and & possible soluticn of Maxwellls



equations in the middle of the medium is
Alz) = A ™7, (1.6)

where K, a complex number, is a solution of the equation

a? 0-2 - K2 - b 0_2 AK, ) = O. (1.7)

2
The combination 1 -U4mA (g, w)/w” is called the dielectric comstant, &(d, w),

and Eq. (1.7) can be written

-1 i
K = +oc e, o). (1.8)

The response function A(g, ®) is an even function of g, and
solutions to Eg. (1.7) occur in pairs, with values of K differing by the
factor ~1. Solutions with Re K >0 correspond to waves propagating to the
right, while those with Re K < O represent waves propagating to the left.
Since the work done by the electromagnetic field on the medium must be
non-negative, it follows that Im A < O, and hence Im XK + Re K > 0. (In
any real medium, some dissipation occurs, and the inequality sign holds. )
If the thickness d of the crystal 1s sufficiently large, so that multiple
reflections can be neglected, (i.e., |Im K|d >> 1), the vector potential
will have the form (1.6) in the middle of the medium, with Re K > 0. If
there is more than one pair of solutions of Eg. (1.7), (spatial dispersion),
we can restrict ourselves to the solution with smallest IIm KI, provided
the crystal is sufficiently thick.

To find the value of the coefficient éo’ one must solve the

homogeneous boundary problem at the left-hand side of the crystalo' It is



sufficient for our purposes, however, to note that Qo will be directly
proportional to.éi, and for sufficiently large 4, éb will be independent
of d. Similarly, the ratio of é% to éb ein, which is found by sclving
the boundary problem at the right-hand side of the crystai, will be in-
dependent of d, when multiple reflection may be neglected. The ratio of
A to.%i will thus be equal to a constant times eiKi, and the ratic of
the transmitted to incident intensities is proportional to e-adj where
& =2 Im K. The constant o is the absorption Céﬁst&ﬁt of the material,
at frequency w. Note that to measure O one must make measurements of the

transmission through two or more samples of different thickness. The

optical absorption is then operationally defined by

a = (d2 - dl)_l log (Intensity transmitted through dl/Intensity

transmitted through d2)° (1.9)

The real part of K can also be obtained experimentally. It can be measured,
in %heory, by beating the transmitted signsl with the incident wave in an
interferometer, and measuring the change in phase as a function of d. How-
ever, it is possible to get & very good approximation to Re K, more con-
veniently, from a reflectivity measurement. Because the range of surface
effects on the response function é({, g‘; w) is gemerally very small com~
Pared to the wavelength of light, one can assume that the internal solution
A(r) = éo K2 extends all the way up to the surface z = 0. The require-

ment that A and its first derivative be continuous at the surface then

determines the ratios of éi’ ér and éb' The reflectivity is given by
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r‘ _ |k -K|2
rl_ T lk+K
i

. (1.10)

If the optical absorption constant, 2 Im K, 1s known, then (1.10) may be
readily solved to obtain Re K. The ratio K/k is known as the complex
index of refraction.

In order to predict the line shape for optical absorption,
it is sufficient to predict the response function A. If one calculates
the response of a homogeneous quantum mechanical system to a classical

igz-iwt

vector potential A(r, t) = A e + complex conjugate, cne finds ac-

cording to the fluctuation-dissipation theorem;l

- Im A(g, ®) = 1'—‘;;}/_1%5 fei‘“t <J-q(t) j_q(0)> at (1.11)
where’jq(t) is the current operator for wave vector g at time t in the
Heisenberg picture, £ is the volume of the crystal, kB is Boltzmann's
constant, and the expectation value indicsted by the angular brackets is
to be taken over a carcnical ensemble at temperature T. We work in units
where h = 1. The Hamiltonian in (1.11) is the exact Hamiltonian of the
material, but without the coupling to the transverse electromagnetic field.
Again, we ignore the tensor character of A by considering the components of
jq along a suitable (transverse) symmetry direction. Because the nuclei
in a solid are very much heavier than the electrons, it is generally
sufficient, at optical frequencies, tc consider only the electronic part
of the current operator.

It is convenient to write equation (1.11) in the form

. _-o/kgT — _-E_/ipT
-ImA(q,m):l_.i_Z i_

=1 s 2 _
50 7 !(aqulb)l 2nd(w - E

o F Ea),

a,b (1.12)



where a and b are exact eigenstates of the Hamiltonian with energies

. s — ; _ -E /kpT
Ea and Eb’ and Z is the partition function defined by Z = Za e .
Usually in optical experiments, we have w/kBT >> 1; thus in (1.11) ard

) -w/kpT _ - A o
(1.12), the guantity e may be neglected. In order to calculate
approximately the imaginary part of A, one must first identify the states
which lie an energy w above the thermally occupied states, and then one
must estimate the matrix elements of the current operator between the
relevant states. When Im A has been calculated for all w, the real
part of the response function may be determined from the Kramers-Kronig

relation

2 0

ne ! Im A [y den? _

Re A(q_:, (,D) = o +f 5 (q'é ) (3_{ » (1015)
o »' - w

where n is the number of electrons per unit volume, e is the electronic
charge, and m is the electronic mass. In (1.13) the principal value of
the integral is to be taken.

The main concerrn of the theorist is to prediczt the imaginary
part of A. The theorist will often work very hard to develop an approxim~
ation which will give good values of Im A in a small region of frequencies.
In order to obtain the real part of A in thke same frequency range, he would
have to calculate Im A, at least roughly, for all values of w. Rather than
do this, the theorist would often prefer to compare his predicted values of
Im A directly with experiment. This can be done if reflectivity, as well
as optical absorption, has been measured. In terme of Re K and o, the ex-

perimantally observed value of Im A may be expressed, using (1.7) as

Im AK, ®) = - 22(4n)-l @ Re K. (1.14)



When A 1s small, the dielectric constant is close to 1,

and Eq. (1.8) gives

a = bt ot |Tm A . . (1.15)

In this case, the optical absorption is simply proportional to Im A, and
it is unnecessary to know Re A or Re K. When Re K is large, however, it
may play an important role in the gbsorpticn spectrum. For example, when
the real part of the dielectric constant is negative, a finite attenuation
constant @ will be observed, even for infinitessimal values of Im A.

One complication still exists in comparing theory with ex-
periment. The experimental value of A(g, @) is obtained for a complex
value of g, whereas in theoretical calculations one normally works with
real ¢. In most cases, however, very little change results from dropping
the imaginary part of K in the argument of A in Eq. (1.14). In a non-
metal, changes in Mg, w) usually occur only when ¢ is changed by an amount
comparable to a reciprocal lattice vector; the imasginary part of K is always
very much smaller than the size of the Brillouin zone, regardless of the
frequency of the incident light. At optical frequeuncies, the real part of
K is also much smaller than a reciprocal lattice vecotr, and it is general~
ly correct in practice to approximate A(d, w) by A(O, w), where A(O, ®) is
the limit of A(d, ®w) as ¢ —» 0. In the limit of g — 0, the current operator

jq becomes the total momentum operator for the electrons

e
3 = - . o6
3 mP (1.16)

It is not necessarily correct, however, to substitute the limit (1.15) in

(1.11) or (1.12) to obtain A(O, w). Because of the infinite range of the
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Coulomb interaction, and because we have eliminated the transverse eiectro-
magnetic field from the Hamiltonian, there is a discontinuity at qg=0
between the longitudinal and transverse current correlation functions.

The correlation function for jo is thus undefined in the infinite medium.
In models where the effects ofaéhe long-range Coulomb interaction are
neglected, the discontinuity between longitudinal and transverse disap-
pears, and one can then use the operatPT jo without ambiguity.

~

The theory of optical absorption outlined above i:

0
0
(0]
=]

classical, in that we have treated the electromagnetic field as a classic-
al field, while using quantum mechanics to determine the response function.
A completely quantum mechanical treatment, using the technigques of quantum
field theory, can also be given, and leads to results very similar to the
semi-classical treatment. The reason for this similarity is that Dyson's
equation for the photon propagator is essentially identical to equations
(1.3) and (1.4) for Q(E)' The only difference between the correct guantum
mechanical formula for the optical absorption and the semiclassical result
. 1s a slight change in the equation for Im A(g, @), Eg. (1.11). Instead

of using the current-current correlation function calculated in the absence
of interactions with the electromagnetic field, one must use the irreduc-
ible part of the correlation function for the complete Hamiltonian, i.e.,
the sum of all Feynman diagrams for the correlation function which cannot
be separated into two disconnected parts by breaking a single photon line.
The sum of all diagrams with no internal photon lines is just the correla-
tion function in the semiclassical calculation. The effect of diagrams

with one or more internal photon lines is twe-fold. First, those diagrams
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with no real photon containing intermediate states lead to slight shifts
in energies due to magnetic interacticns between electrons, and can be
neglected in most cases. Second, there are diagrams with real photon-con-
taining intermediate states, which can lead to a qualitative change in the

absorption. The simplest class of such diagrams may be indicated as

w | (1-17)

where the dotted line represents a photon, the wavy line a phonon, and
the triangles represent the complete vertex functions for the process.
Such a diagram represents the process of Raman or Brillouiln scattering
of light, and leads to optical attentustion even at frequencies where
the semiclassical theory predicis nc absorption. This scattering is
generally very small at cptical frequencies, however, because the number
of photon states which can satisfy cconservation of energy is very small.

A diagram very similar to (1.17) is obtained when light is
scattered by a static inhomogeneity in the crystal. In this case the wavy
line in (1.17) does not carry any energy ard is merely used to indicate
that momentum has been transferred to the inhomogeneity. In & carefully
grown crystal this scattering will alsc be very small.

Other diagrams which appear in the irreducible part of the
current correlation function are diagrams in which the intermediate state
has several phonons and/or several photons. Also one has disgrams with
several real photon-containing intermediate states, corresponding to
multiple scattering of the photon. Clearly all of these may be neglected.

Except for a brief discussicn in Chapter IV, Section 3, the

remainder of this thesis will be concerned with the problem of caliculating
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the imaginary part of A in the semiclassical approximation, i.e., the

contribution of diagrams with no internal photons.

Section 2. Crystal Models

The simplest model one can consider for a solid consists of
a set of non-interacting electrons moving in a periodic potential caused
by fixed ions of infinite mass. If the crystal is a non-conductor, the
ground state will have an energy gap, Eg’ between a filled valence band
and an empty conduction band. Because in most .cases of interest, the
energy gap is much greater than kBT, very few electrons will be excited
in the thermal ensemble, and it is correct to assume in equation (1.12)
that T = 0. Thus, the only initial state we consider is the one in which
the crystal is in its ground state.

The current operator jq connects the ground state with excited
states in which a single electron of momentum k 1s removed from the valence
band and added to the conduction band with wave-vector 5 - Q- For optical
absorption, g = 0, and 5 -qw k. The minimum energy of these excited

o~

states is called the direct band gap, E it is the minimum difference

di
between the conduction and valence band energies of the same wave-vector.
The function Im A(O, w), and hence, the optical absorption, will be zero
for all w < Ed’ and will be non-zero for a continuum of energies above Ed'
If, as is frequently the case, the minimum energy in the conduction band

does not occur at the same wave-vector as the maximum in the valence band,

the direct gap Ed will be larger than the indirect gap Eg' Above the direct
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energy gap, Im A will be a smoothly varying functicn of the frequency w,
except at points where the density ofzstates with total momemtum O has a
Van Hove singularity. Such singularities occur when the sum of the
particle and hole energies hasa minimum, maximum, or saddle point as a
function of relative wave-vector. Observations of the corresponding
singularities in the optical absorption have been important tools in the
experimental determination of the band structure of solids.

The prediction of optical absorption for the one-electiron
model we have discussed is within the range of computer technigues. If
the periodic potential is known, the eigenstates ard energies may be cal-
culated by solving the Schr8dinger equation in a single unit cell, with the
modified periodic boundary conditions appropriste to the given wave vector.
Once the wave functions are known, the matrix-elements of the current
operator are easily calculated, and Im A thus obtained. Ideally, the
periodic potential which is used should be obtained self-comsisteuntly; in
addition to the Hartree terms it should include a non-local exchange po~
tential, which, in turn, should include effects due to electrornic polariz-
ability. In band calculations which have been done so far, however, it has
generally been the practice to use simpler, local potentials to approximate
the ideal potential.

The optical absorption in the non-interacting electron model
would still differ qualitatively from the absorpiion of a real crystal, no
matter how well the periodic potential were chosen. The energy eigenstates
of the real system are not simple products of z hole wave-function and an

electron wave-function. An important term which should be included in the
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Hamiltonian is the Coulomb interaction between the electron and hole. For
each value of the total momentum there will then be a discrete series of
positronium-like bound states of the electron and hole, lying below a con-
tinuum of unbound states. The bound states are called excitons, and play
an important role in the optical absorption.

The inclusion of electron-electron interactions does rot
destroy comnservation of wave-vector. The current operator j”q couples the
ground state to states of total wave-vector q; hence Im A{g, ®) now con-
sists of a set of d-functions at the energies of the excitons of waie-
vector q, followed by a continuum, beginning at the energy of the direct

band gap, E (The d-functions in Im A will actually give rise to optical

a
attenuation bands, because by the Kramers-Kronig relations, the real part
of the dielectric constant will always be negative for a small region above
the energy ofAthe d-function. This effect will not lower the threshhold
for absorption, however, as Re ¢ will always be positive below the first
d-function. )

Calculation of the exciton wave-functions and energies, and
thus of the strengths and positions of the &-functions in Im A have gener-
ally been done withidrastic simplifying assumptions appropriate to the
limits of either "tight" or "weak" binding. Yet one can imagine that with
some improvement in mathematical and computer techniques, it would be
feasible to calculate quite accurate exciton functions. The many-body
Hamilfonian would be restricted to the subspace in which one electron and

one hole are present, with total momentum g. The wave-function is thus a
~

function of the relative momentum of the electron and hole, and of two
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discrete indices designating the electron and hole bands. The complete
Coulomb interaction Hamiltonlan should be written in terms of electron

and hole creation and annihilation operators, and all terms should be
dropped except those which involve the product of one heole annihilation
operator, one hole creation operator, one electron annihilation operator,
and one electron creation operator. Physically, the terms which are kept
are of two types. First, there are terms in which the electron is scat-
tered from one electron-state to another and the hole from one hole-state
to another; second, there are terms in which the electron is scattered
into the vacant hole state at one lattice site, while an electron is lifted
from a filled state to an empty one at a different site. The Tirst type of
term is the one primarily responsible for the exciton's binding energy,
while the second ig the source of the dipole-dipole coupling responsible
for exciton mobility in the tight-binding limit.

When the dipole-dipole term is large, it can cause the exciton
effective mass to be quite different from the sum of the electron and hole
masses. The dipole-dipole term causes a splitting between the energies of
the transverse and longitudinal excitons at g =~ 0, causing in turn the
splitting between the transverse and longitudinal current correlation
functions mentioned earlier. The transverse exciton, which is the one
which couples to the transverse electromagnetic field in a crystal of high
symmetry, always lies lower than the longitudinal exciton.

In order to correctly obtain a good estimate of the exciton
energies, it is important to include some many-body corrections to the

exciton calculation just described. One should use, instead of the bare
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Coulomb interaction for the electron and hole, an interaction screened by
an appropriate dielectric constant. Using the screened interaction pre-
sumably includes the most important effects of intermediate states in
which two or more electron-hole pairs are excited: The problem of accu-
rately calculating this dielectric constant, which may have to include
terms non-linear in the interaction, is one of the major obstacles to

good exciton binding energy calculations at the present time.

u

The calculations for the exciton states can also be carrie

D

[}

out for electron-hole continuum states. The electron-hole interaction,
of course, cannot change the energy of the continuum states, but the
change in wave-function can produce major changes in the current matrix
elements, and hence in the optical absorption. It is believed that re-
sonances in this matrix element due to "meta-stable excitons" can cause
subsidiary peaks in the optical absorption, just below the peaks associ-
ated with various Van Hove singularities in the density of statesag

When w exceeds twice the minimum energy necessary to produce
a single exciton or particle-hole pair, calculations restricted to states
in which one real electron and one real hole exist will no longer be valid.
This is because of the possibility of transitions to states in which two
particles and two holes occur. This difficulty shows up in the two-body
calculation because the dielectric constant necessary to screen the elec-
tron-hole interaction becomes complex; In fact, the same difficulty
occurs in the calculation of the single particle energiles -- at high
energies the dielectric constant used in the self-consistent potential

becomes complex, and a one electron state can decay into a state in which
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two electrons and one hole are excited. Since we will be primarily
concerned with states near the energy gap, we need not worry about these
complications.

The calculations we have discussed so far have all assumed
electrons which move in a perfectly periodic lattice. The inclusion of
the fact that the ions are not fixed in a periodic array causes great com~
plications, and qualitatively changes the absorption spectrum. Because
the energies of long wavelength accoustic phonons are arbitrarily small,
it is no longer correct to assume, at finite temperatures, that the initial
state of the crystal is the ground state. One can assume that the initial
states in equation (1.12) are those in which the "electronic system" is in
its ground state, but the phonon states are thermally populated. If the
ionic mass is sufficilently great, or the temperature sufficiently high, the
ions may be treated as static classical particles. The positions of the
nuclei are then just parameters in the electronic Hamiltonian, and the
average over phonon states becomes an average over nuclea£ rositions, weighted
according to the rules of classical statistical mechanics. (See Chapter III,
Egs. (1.3) and (1.4).)

The first result of the destruction of the periodicity of the
lattice is the destructions of wave-vector conservation with its associated
selection rule. Thus, whereas in the perfect lattice, the operator jq couples
the ground state to a single state in each exciton band, in a random lattice
jq couples the ground state to all the energy eigenstates of the exciton
band. The d~functions in A associated with excitons in the perfect lattice

are now broadened into absorption bands. When the minimum energy of the
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lowest exciton band does not occur at wave-vector zero, the destruction

of the wave-vector selection rule results in a lowering of the minimum
energy for optical absorption. Similarly, if the direct band gap for elec~
tron-hole continuum states is larger than the indirect band gap, elimination
of the wave-vector selection rule reduces the threshhold for the production
of an unbound electron and hole.

There are additional effects of the lattice fluctuations which
cause small amounts of optical absorption even at energies well below the
minimum exciton energy of the perfect lattice. If the periodic lattice is
uniformly distorted, it is clear that the energy gap and the exciton energy
minimum will be changed. If the deformation is of the proper magnitude and
direction, the exciton energy minimum can be greatly reduced. In a real
crystal, at finite temperatures, there will always be some regions of the
crystal which will be sufficiently distorted, because of thermal fluctua-
tions, to cause absorption at an arbitrary energy below the threshhold for
the perfect lattice. The study of the low energy tail of the absorption
spectrum will be the subject of Chapters IIT and IV of this thesis.

The quantitative calculation of the effects of a non-peripdic
lattice on optical absorption is in general very difficult. One usuaily
makes the assumption that the Hamiltonian can be written as a sum of three
terms: a phonon Hamiltonian, an electronic Hamiltonian, and an interaction
term.

The phonon Hamiltonian is expanded as

Hy = }: wﬂ(§) b+§ﬁ b%ﬂ + higher terms, (2.1)

N
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where the first term is just the Hamiltonian of a perfect harmonic lattice;
the "higher terms" are anharmonic terms involving three or more phonon an-
nihilation or creation operators, which we shall keep in some of our later
work. The index 7 is a polarization index, and k is the momentum of the
phonon.

The electronic Hamiltonian is assumed to be of the form:

\’ + .
H, = ‘zJeu(g) a Kp a.liu + higher terms, (2.2)
%

+ . . :
where a - is the creation operator for an exciton or an electron-hole

~

continuum state with total wave-vector 5, and eu(g) is the energy of this
excitation calculated for the perfect lattice. "Higher terms” includes
the interaction between two or more electronic excitations. Since we are
only interested in states with a single electronic excitation, of energy
close to the energy gap, we shall neglect the higher terms in (2.2).

The interaction Hamiltonian may be written

NN 1
~ e o+ _F e .
H . -'ZL (CE£, bEﬂ a S a%&%’;u + Hermitian conjugate)
H
ﬁ%ﬁ’ + higher terms. (2.3)

In (2.3), the first term describes scattering of an electronic excitation
of momentum k + k' into another electronic excitation of wave-vector k',
with emission of a phonon of wave-vector k. The Hermitian conjugate of
this describes a similar process with phonon absorption. The higher terms
are of several kinds. There are terms describing the scattering of an
electronic excitation with the production or annihilation of two or more

phonons: this is a non-linear electron phonon interaction, and may be
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important under some conditions. We shall keeb these terms in some of our
later work. There are terms which involve one creation or destruction
operator for an electronic excitation and one or more phonon operators.
Because of the great difference in energies between the electronic excit-
ations: and phonons, at least one of the two states connected by these terms
will be very far off the energy shell. Such terms will only cause slight
renormalizations of energies and interactions, and may be neglected. Among
the "higher terms™ there are also terms involving three or more electronic
operators and one or more phonon operators. Like the higher terms in (2,2),
these may be neglected when we are at energies close to the energy gap.

The numerical values of the coefficients in the various terms
of (2.1) and (2.3) are not uniquely determined, even in theory. This is
because the creation operators themselves have not beer unambiguously
defined. One requires that the phonon operators obey boson commutation
relations, and it is usual to require the same of exciton operators. (In
fact, since we are not interested in states where several electronic ex~
citations are present, it is not necessary to specify whether the excitons

are bosons or fermions.) We require that the a+ku commute with all the

~

Phonon operators. Beyond these requirements there are few g priori re-
strictions on the operators.

The phonon operators are usually defined from the point of
view of the Born-Oppenheimer separation. The general phonon state consists
of an arbitrary function V(R) of the nuclear coordinates, multiplied by a
fixed function ¢B(R, r) of the nuclear and electronic coordinates, where

for each nuclear configuration R, @O(R, r) is the ground state soclution of
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the electronic Hamiltonian in the potential field of the nuclei. (We use
the symbols R and r to represent the coordinates of all the nuclei and
electrons respectively.) The phonon operators change the functions V(R)
without changing the function mO(R, r).

The creation operators for the electronic excitations,
operating on a general phonon state, are assumed to change the function
?, (R, rj without changing the function V(R). Thus we have a*kpxy (R) ? (R,r)
= y(R) @ku(R, r). When the coordinates of the nuclei are at the equilibrium

position, we know that the effect of a%ku

~

is to raise the ground state of
the electronic system to an exact energy eigenstate of wave-vector k. The
effect on @O(R, r) for any other configuration R is not yet defined. The
principal restrictions are that @kp(R’ r) should be orthocgonal to the ground
state and all other excited stateg for each fixed R, and that it be normal-

ized to unity for each fixed R. In other words, we require:

Jor® 5 g,m e - o, 2.4)
* = . .
JCP%'H' R, r) CP}EU-(R’ r) dr 51512" BHH' (2.5)
The associlation of a wave-vector k with the operator a+k requires that
a7 RS A
Ej,g CPEI‘J’(R’ I’) - € a‘l’sug& CPO (R} r) 2 (2‘6)

where@fa is the operator which translates the entire system by a lattice
vector‘%. It is also natural to require that the function @kH(R, r) be

continucus in the variables R. The states @kH(R, r) will 295 be eigen-

states of the electronic Hamiltonian when the nuclei are not at their

equilibrium configuration.
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Once the operators a%k are defined, the operators ak are

defined on the spaces of zero and one electronic excitation by the require-

~

ment that ak operating on any pure phonon state gives zero, and ak qk‘ (R,r)

=5 @ (R, r). The choice of definition for the raising operators

! O
afk is guided by the desire to make the coefficients in Hint as small as

~

possible. It is also necessary to choose the raising operators in a suf-
ficiently simple manner such that some approximate calculation of the co-
efficients is possible. A sensible procedure is to express the operators

a%k for the periodic lattice in terms of the single electron creation and

annihilation operators, W+(§) and W(§). When the nuclei are displaced from
equilibrium, we define a continuous coordinate transformation X =X+ AX by
interpolating between the discrete lattice points in some manner. This co-

ordinate transformation will define a canonical transformation on the W+(§)

and ¥(x), and hence on the a+k“. Because the function qg(R, r) at the dis-

~

Placed nuclear position R is not obtained from the periodic ground state by
this same canonical transformation, the functions é+ku ¢O(R, r) will not in
general satisfy the orthogonality and normalization ;gnditions (2.4) and
(2.5). These properties may be restored by taking linear combinations of

the non-orthogonal functions. The orthogonalization can be done as follows:

Let the matrix M(R) have the elements

Mku,ky'p' (&) E_/C\POKM(R’ r) CPOktur (R, r)* ar , (2.7)

where @OKH and @Ok,“, are the non-orthogonal functions a+ku @O(R, r) and

+
a k'u!

matrix. The correct orthogonalized functions @ku(R’ r) are then giver by

QO(R, r). The matrix M(R) will be a positive-definite Hermitian
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®, r) =) MER)EL

O
’ls’“,l'gtui CP g]]“} (R) I‘) M (2'8)
KT

If R is sufficiently close to the equilibrium positions, M(R) will differ
L
from the unit matrix I by a small matrix m(R). The matrix M(R) ° can then

be expanded as

L
2

MER)Z = I-2au®) +u@®EB - ... . (2-9)

1

It is clear the M(R) ° goes continuously into the unit matrix as R ap-

proaches the equilibrium configuration.

Once the operators b+kn and a+ku are defined, the coefficients

in Hint may be found by taking matrix elements of the Hamiltonian among the
states with specified phonons and electronic excitations excited. The
current operator, like the Hamiltonian, may be expanded in terms of the
creation and destruction operators for phonons and electronic excitations.
For optical absorption near the energy gap, we need only keep terms which

connect states having one electronic excitation with those having zero

electronic excitations:

L ¥ \r.Hn +
J.q Z (E% a gyt é_g a gu)*z,[gglg & g,u ( iy b—kn)
M BT
B +
+ agg’}5 a-§+%,u (b ,lsn"" b_'}sn)] o, (2.10)

The coefficients & may be calculated by taking matrix elements of the current
. between the appropriate states. The first set of terms above have the form
of the current operator in the perfect lattice. The higher terms involving

phonon operators arise from the dependence of the matrix elements of the
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electronic current operator on the lattice configuration R; they occur
because the definitions of the exciton creation operators depend on the
lattice configuration.

In practice we know neither the exact function qb(R, r) nor
the structure of the exact excitations in the perfect lattice, which are
both necessary to perform the calculation of the coefficients in the
Hamiltonian and current-operator expansion. An ambitious attempt to

eveluate these coefficlents might involve approximations to the electronic

= o

)

excitations of the perfect lattice such as those described earlier, and
some self-consistent calculations of the change in the electronic ground
state @O for small displacements of the nuclei from equilibrium. The
problems arising in such an attempt will not concern us here. We shall
assume that such an attempt has-been made and that the coefficients . are
known ~- the problems we shall investigate in this thesis concern the
question of how to use these coefficients.

It should be pointed out that some information about these
coefficients is directly observable in experiments on the pressure depend-
ence of the position of absorption lines. If measurements are made at low
temperatures where the.effects of phonon broadening are small, the peak of
the exciton absorption band is roughly at the position of the k = 0 exciton
line in the pérfect lattice. Thus it is possible to find the linear shift
in the energy of the k = O exciton when the crystal is uniformly strained.
If we assume that the lineaf change in exciton energy only depends on the

change in volume of the crystal, then we may write

8e, Q) = V, ov/v (2.11)
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where Sv/v is the fractional change in volume, and V“ is called the
deformation potential coefficient. If we form an exciton wave packet of
states close to k = 0, and place it in a crystal with a weak, long-wave-
length density fluctuation, it is physically clear that the energy of the
packet will be shifted by VH 8v/v where 6v/v is now the fractional change
in volume in the neighborhood of the exciton wave packet, provided the
interaction between exciton and lattice is not too long range. (Trans-
verse and longitudinal exciton packets may be considered separately by
forming needle-shaped and coin-shaped wave-packets, respectively, with
axes parallel to the polarization in both cases.) The condition of "not-
too-long-range exciton-lattice interaction" is satisfied even in a piezo-
electric crystal because the exciton carries no charge. The fractional
change in volume at point r, due to a long-wavelength fluctuation is given

in terms of phonon operators by

5 v(r)/v = Zi|k| (2p§2mk}\)_§ XL (b + b+_k7\) , (2.12)
4 5 % ES

~

where p is the density of the crystal and A designates the longitudinal
acoustic phonon mode. On the other hand, if the phonon-exciton Hamiltonian
is given by (2.3), and the exciton band is non-degenerate, the shift in the

wave-packet-energy, linear in the phonon amplitues, just comes from the

AMaps

Kk ! which are diagonal in the exciton band p. Hence it follows that

terms c¢

the coefficients c, for the longitudinal acoustic modes, have the form

A

1
Chpet i Vulk] (e @ ) 2, for k,k' —O0. (2.13)

0,8

~

It is sometimes assumed, in simple models, that the deformation potential

coupling (2.13%) holds throughout the Brillouin zone.



- 26 -

It is necessary in the derivation we have given of the
deformation potential coupling, that the off-diagonal elements (u ¥ u?) not
become infinitely large compared to the diagonal coupling constants, as k — 0.
The off-diagonal elements will be well behaved whenever one chooses a defini-
tion of the operators é+ku which causes the electrons to follow the lattice
when the lattice is simply displaced; the interaction for a long-wavelength
fluctuation will then be proportional to "strain" not "displacement”. The
that we have described above satisfies this criterion.

definition of al
K

~
If the crystal is not isotropic, or if the exciton band is non-
degenerate, measurement of the pressure-dependence of the E'= Q exciton
energy only determines the long wavelength behavior of an average of the
coefficients c over direction and polarizations. A more complete discussion
of deformation potential theory, which includes the cases of degenerate bands
and of shearing strains, is given by Lax,3 together with references to the
earlier literature. Lax's presentation, like most work in the field, deals

with the interaction of the lattice and a single electron, treated from the

non-interacting-electron point of view.

Section 3. Perturbation Methods

One of the most widely used approaches for predicting line shapes
for optical absorption has been perturbation theory and variations in which
infinite sets of Feynman graphs are summed. In these works it has been usual
to assume either that the electron-hole interaction is very weak, so that the
electron and hole may be treated as independent, or to deal with optical
absorption below the particle-hole continuum, and assume that only bound

exciton states need be considered. In the present paper, we shall concentrate
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on this latter situation.
Tt has also been usual to neglect the dependence of the current

operator on the phonon displacements, and simply assume that

N\ + % , :
ig Z(ggu gt By o) (3.1)
v

In a system invariant under time reversal, i1t then follows that

- A = \' .
Im (Q.: w) L §%“ gapg AHH' (%: W) P) (5 2)
MM

where AMH'(q’ ®) is -l/ﬂ times the anti-Hermitian part of the Green's

function for the exciton:

AMH' (%; w) ;T_l— [GHH' (%} w) - Gu'ﬂ*(%’ w)] . (3-3)
The Green's function, in turn, is defined by
_ it
RCRES B e SNCRRS (5.4)
where
= i /
Gt (@ ©) = 1 (Tag,(6) 2, 1) - (3-5)

In Eq. (5.5), T is the time ordering symbol. We assume here, as throughout
this thesis, that the temperature is very much smaller than the minimum
energy Eo of the exciton band, and thus the exciton Green's function may be
treated as a zero-temperature function.u In the absence of the exciton-

phonon interaction, GHM'(%’ ®) would be given by

o} 1
G .(g, ®) = B , (3.6)
Mt ppt o - eu(%) +1io0F
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Dyson's equation for the exciton propagator is

)-l

G(q_) @ = Go(g: 0-))_1 - Z(g: CD) p) (5'7)

~

where X, the self-energy matrix, is the sum of all irreducible Feyrnman
diagrams in the expansion of G. The simplest approximation to & is that

which keeps just the lowest diagram

éib , (3.8)

where the solid line represents a bare exciton propagator Go, and the wavy
line represents a phonon propagator. If we keep only the harmonic term in
the lattice Hamiltonian, and the linear term in the exciton-phonon inter-

action, this diagram may be evaluated as

N ! Q 'QH"U-
- 1 ¢ %
) 5/ @ Inl )+ 11 o
M H": (27[) ~ ~o~
o ) ) mlm et . AWM"
XG p’ﬂ “;ﬂi (% 155 @® U‘)]Eln) C]’E lf/"q + .L;.(J.)l’gn) ul£ %
o 1,
XG i (% - %: w + (Dkn) CQMQM * ., (3'9)
where n(w) is the boson occupation number
-1
nlw) = [exp&»/gBT) - 1] . (3.10)

In most cases, in inorganic solids, the phonon energies are much smaller
than the widths of the exciton bands, and the term + wkﬂ may be dropped in
the arguments of the propagators, a°.

The approximation described above may be called the one-phonon

procedure, because the intermediate states have one phonon more or less
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than the initial state. Toyozawa5’6 and Sun.a,LL have studied the line shape
for optical absorption for a number of models using this procedure. The one-
phonon approximation is expected to be valid whenever the self-energies are
small compared to the energies over which the density of intermediate states
exhibits an appreciable fractional change. At energies where the unperturbed
density of states is non-zero and non-singular, this condition will hold for
sufficiently weak exciton-phonon coupling constants. The approximation will
not be valid at and below the lower edge of the unperturbed exciton bands.
An improvement over the one-phonon approximation is s self-con-
sistent Green's function approximation, in which one replaces GO, in Eqg.
(3.10) for the self-energy, by the complete Green's function G. Since G
is itself expressible in terms of X, the result is an integral equation
for . The solution of this integral equation is equivalent to the summa-
tion of an infinite set of graphs for the self-energy, and it includes some
of the effects due to multiphonon intermediate states. We shall call this
self-consistent Green's function approximaetion the "I' = 1 approximation",
according to the usage of Suna.)+ Unfortunately, the conditions for validity
of the I' = 1 approximation are much the same as those for the validity of the
' = 1 approximation. The I' = 1 approach, however, does give qualitatively
more reasonable pictures of the exciton Green's function. The self-consis-
tent approximation also is an improvement over the one-phonon approach in
that it properly treates such effects as the renormalization of exciton
energies due to interaction with short wavelength phonons or due to coupling
to higher exciton bands. The I' = 1 approximation has been used by Suna
to study some simple one-dimensional exciton bands interacting with phonons
of finite frequency. A similar agpproach has been used by,Toyozawa7 for

the three-dimensional model with zero-frequency phonons. In studying
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this model, Toyozawa has also employed a method which approximately includes
the contributions of many other diagrams to the self-energy, and has found
significant changes from results of the I' = 1 approximation.

The weaknesses of the one-phonon and T = 1 approximations are best
illustrated by the example of a one-dimensional model which we shall solve
exactly in Chapter II. We consider a one-dimensional model consisting of a
single exciton band in the effective mass approximation, such that

N 1.2 / \
j = — K 3.11
J 5 . \D-Ll)

m
~~
P

We assume that the "effective coupling constant® between the excitons and

L
phonons, ckk,[EnQbk) + 1]% , is a constant, independent of k and k', given

by o

[En(wk) + ey, , D/2L , (3.12)

where L is the length of the system, and D is a constant. We consider the
limit where the phonon frequencies are all zero. Note that this model de-
scribes equally well the case of optical phonons of constant frequency and
constant matrix element or the case of locsl deformation-potential-coupling
to Debye-model acoustic phonons, provided that the nuclei may be considered
to be infinitely massive. When the phonon energies are taken to be zerc, in
an exciton-phonon model, the model is completely equivalent to that of a
particle in a random potential. In the one-dimensional model Just defined,
the random potential may be described as white-Gaussian-noige.

The self-energy for the one-dimensional model is independent of k

in the one-phonon approximation, and is given by

Z(k, ) = Z(w) = —2_5/2 D(—w)'%, (3.13)

The self-energy is real for 3ll @ < 0 and is pure imaginary for all @ > 0.
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The spectral density A(k, w), which determines the optical absorption, is

given by

?ltIm 5 L = . (53.14)
(.0—51{ -2((1))-!'10

Ak, ®) =- = In G(k, ®) = -

In the one-phonon approximation, the spectral density is non-zero for all
L
® > 0, and approaches zero like w® as w —>O+. In addition, it has a delta-

function peak at a)=‘Vk, where wk is the solution of the equation

1.2, ,-3/2 “E g
vV, -5k +2 (-7,)2D = o. (3.15)

As k changes from O to a5‘Vk increases monotonically from - 2D2/5 to O.
In the T’ = 1 approximation, £ is still independent of k, and is
given by
-3/2 -2
Zw) = -2 D [Z(w) - w] 2 . (3.16)
=- ¢ 22/ 1213 (= 0.9u4g D/3)

The self-energy is real for all w less than wo
and is complex for all w larger than this value. The spectral density, again
given by (3.14), is non-zero if and only if >-ab; the spectral density
approaches zero like (w - mo)% as  approaches wo from above. The spurious
d~-function peak of the one-phonon approximation is now absent.

Note that in both the one-phonon and I = 1 approximations, there
is a definite minimum frequency below which no optical absorption occurs.
Such a cutoff was also found by Toyozawa in his three-dimensional model,
both in the I' = 1 approximation, and in the higher approximation he considered.
Thus it appears that, at least when phonon frequencies are small, these metgods
are useless for describing the very interesting low energy tail of the ab-
sorption spectrum.

The exact spectral density for the one~dimensional model is compared

with the TI' = 1 approximation in.Figure 2, Chapter II.8
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ABSTRACT

A method has been found for exactly calculating
the spectral density, A(k,E), for a particle in a one-
dimensional random potential, when the potential at each
point 1s statistically independent of the potential at all
other points. GeneraliZations of this method can also be
used to find the phonon Green's functions for a chain of
atoms of random mass, or to find variousrtwo-particle
functions, such as the electrical.conductivity of a system
of non-interacting electrons in a random potential. Two
functions of the position, x, on the line are defined,
which depend on the particular potential configuration
and on the'parameters k and E. The spectfal density 1is
expressed 1ln terms of the probabililility distribution of these
functions when x 1s at the right-hand end of the line. The
distribution 1s known at the left-hand end, and the vélues
of the functions, as x moves from left to right, form a
Markoff process. One can therefore obtaln the spectral
density by solving the equation of motign for the probabllity

distribution. Further simplification 1s possible because i1t
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~ 1s sufficlent to know the first two moments of the joint
distribution with respect to one variable, and because in
the 1limit of an infinite line, only the asymptotic form
of these moments is necessary. The spectral density re-
quires the solution of a palr of differential or integral
equations 1in one'variable, while two-particle functlons~
involve similar equations 1In two variables. Caglculatlons
ﬁave been carried out for the spectral density of a
Schrddinger particle in a '"white Gaussian noise" potential
and of a particle confined to fixed lattice sites 1n a

random thermalkdeformgtion potentlial.

g
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INTRODUCTION
Many problems which are difficult or impossible
to solve in three dimensions turn out to be readily solvable
in one dimension. One class of problems which has been
studied successfully in one dimension is the calculation
of the density of energy eigenstates of a particle moving
in a potential which is not known exactly, but which obeys

a statistical distributlion such that the potential at one

1-4)
L 4

f the potential‘at all other points.
Another, closely related, problem which has been solved is
the density of normal modes, as'a function of frequency,
for a chaln of several kinds of atoms occuring in random
order.2’5’6) For many purposes, however, one is interested
not in the density of states, but in a more complicated
function, such as the spectral density assoclated with a
state of a given wave vector, or in two-particle Green's
functions of various kinds. In the present paper a method
1s presented for exact solutilon of one-diménsional models
for a number of these problems.‘

The single-particle spectral density, A(k,E), 1is
of particular interest when the particle is an exciton in
a lattice distorted by thermal fluctuations; Under proper
circumstances, the line shape for the optical absorption
due to an exciton in a non-degenerate band is given by the
spectral denslty of the zero-momentum exclton state.7’8)

For electrons in an imperfect lattice, the one-particle
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Green's function 1s of 1ess‘difect interest, but it is
‘still useful for understanding the nature of the energy
elgenstates. A slightly generalized form of A(k,E), for
the phonon modes of<a disordéred lattice, 1s of interest for
the 1nelastlc scattering of neutrons and for infrared ab-
sorption by the lattice. Among the proeblems which requiré
knowledge of two-particle Green's functionsrare the’con;
ductivity of elecfrons In an Imperfect:lattice and the
optical absorption due te'interband transitions in é non-
metal. The methéds of the presént'papér are resfricted to
cagses of non-lnteracting particles. |

" The essential féétures of the metﬁéds of this
paper are as follows. We consider the problem of finding
the spectral density, A(k,E), for a particle in a random
potential on the line segment O { X < L. One first defines
certaln mathematlcal quantities Z and Ul’ which are functlons
of the position, x, on the line, as well as of k and E, and
of the particular potentia; configuration. The spectral
density may be wrltten aszan average, over the potential
configurations in the enseﬁble, of é’certain funcfién of the
values of z and U; at the position x = L; hence A(k,E) is
determined by the probablllity distributiop of the wvalues of
z and Ul at the rightéhand3end of the 1iné. The functions z

and U, are defined in such a way that for x = 0 they are

1
independent of the potential configuration, and at any other

position x, they depend only on the potential to the left
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of x. Furthermofe, they depehd on the potential in suéh a
way, that 1f the potential has the property that its value
at each point. on the line 1s independent of the value at
all other points, then the values of z and Ul constitute

a Markoff process as x goes from O to L. Consequently, one
can write down an "equation of motion" for the joint prob-
abllity distribution of z and Ul’ which one must then inte-
grate from x = O to x = L 1n order %o find the distribution

t x = L. & ication is
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a
possible because the nature‘of the equation of motion enables
one to work with the zeroth, first, and second moments with
respect to Ul of the Jjolnt distribution, for'each value of

z, rather than the distributlon itself. When one is inter-
ested 1in the case .of very large L, it 1s only necessary to
find the asymptotic form, for large x, of these moments,

and further simplification results.

The calculation of two-particle functions is simi-
lar in principle to the calculation of A(k,E), but the
variable z 1s replaced by two variables, z and z!,

In Section 1, A(k,E) 1s found for a Schrddinger
particle in a potentilal whose fluctuations, as a function of
position, may be described as "white Gaussian noise". Such
a potentlal can arise as the potentlal due to a random array
of polnt scatterers in the limit of infinite\density of
scatterers, or as a deformation potential due to thermal

fluctuatlions of a continuous, classical, harmonlc elastic



= 39 -

string. fhe particle‘may be an electren or an exciton in
the effective mass approximation. The total density of
states for this model can be found by the method of Frisch
and Lloydl), and as shown in Appendix B of the present
paper, can be expressed analytically in terms of Airy func-
tions. The spectral density, A(k,E), is expressed, for
each value of k and E, in terms of the:solution of an ordi-
nary differential equation, and has been computed numerically
for several values of k and a range of values of E. The
exact values of the épectral denslty are compared with the
results of a self—consistent Greents function approximation
in which one sums a selected set of diag#gms in}the pertur-
bation series. The asymptotic forms for A(k,E) are found
analytically for fixed k, with E - % o, andffer fixéd E,
with k¥ - ., At the end of Section 1, the generallzation of
the procedure for finding A(k,E) to handle Schrodinger
particles 1in other random potentials”is briefly discussed.
In Sectlion 2, we discuss applications of the
method to a model of an exciton or an electron‘in an energy
band of finite wldth, in a lattlce perturbed by thermal
fluctuations. Here the poslition of the particle 1ls restricted
to a dlscrete set of lattice sites, and the Hamlltonlan has
térms which connect nearest nelghbor sites, as well as terms
diagonal in the Position of the particle. The spectral
denslity for the problem 1s given in terms of the solutions

of a palr of integral equations in one variablea These have
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been solved numerically for several values of the parameters
Involved, and have been plotted to show the transition from
the case of infinite band width (Sectioh 1) to the case of
zero band wildth. ,

In Section 3, we discuss the phonon spectral den-
8lty for a chain of random mass, with a harmonic interaction
between nearest neighbors. The equations derived are simi-
lar to those of Section 2. |
biuglly, in Section 4, we 1llustrate applications
to two-particié”Green's functions by deriving the equations
for the frequency dependent conductivity of a system of non-
interacting electrons in the white Gaussian noise potentilal
of Section 1l, and by briefly discussing a model for inter-
band optical transitilons in a non-metal. The two~-particle
functions are expressed in terms of a pair of partial dif-
ferential equations in two‘variables. No numerical examples
have been calculated for Sectlons 3 and 4.

1. SCHRODINGER PARTICLES
Whlte Gaussian nolse potential. We wilsh to find

the spectral density for a particle on the line segment

0 < x <L, obeying the Hamiltonian

12 @<

H =55 —= + V(x) ’ (1.1)
2m* dx2 ’
where V 1is a random potentlal described by a Gaussian statis-

tical distribution wlth the expectation values
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<v(x)> (1.2)

|
(@]

DFB(X—X’) 5 (1.3)

nof -

CV(x)V(x7) > =

where D is a constant and & 1s the Dirac &-function. The

wave functions are assumed to satisfy boundary:conditions of

the form
%-;”E (0) = Zd v(0) (1.4)
@ -z L) (1.5)

where 20 and z, are arbitrary real constants.

L

The potential V is described as white Gausslan
nolse because 1ts Fourier amplitudes have a Gausslan distri-
bution With standard deviations 1lndependent of the frequency,
and wlth no correlations between the amplltudes at different
frequencles. Because a Gaussian dilstributlon of any number
of varlables 1s completely described by 1ts flrst and second
moments, equation (1.3) implies that the potential at any
point 1s completely independentvof the potentlals at all
other points. ‘

The whlte Gaussian noise potentlal may arise from

a deformation potential on an Infinitely massive continuous

striné. Let the deformatlion potentlial be glven by

V(x) = V,

o 9R(x)/ax ,

—~
-
L]
(O)

~—
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where R(x) is the displécement from equilibrium of the point
x on the string. We assume that the string obeys Hooke's law
exactly with elastic modulus B. Then according to classical
statistical mechanics, the potential V has a Gaussian white

noise distribution with the constant D given, at temperature

T, by

2
D = 2Vy" kg T/B |, (1.7)

An alternate interpretation of V 1s the potential
arising, in the high density limit, from the model used by
Frisch and Lloydl) for an impurity band -- a set of &-
function potentials of fixea magnitude, distributed at
random on the line. In the high density limit, the fluctua-
tions about the average potential have a Gaussian white noise

distribution wilth

D= 2nv® (1.8)

where vO 1s the coefficient of the B-function potential and
n 1s the number of scatterers per unit length.
The spectral density for a one-dimensional

Schrédinger particle in a random potential is defined by
_1 Lo oapx 2
A(k,E) = $<(5, [fo e ™ yy(x) ax |F 8(E-E;)> , (1.9)

where Ei and wi are the energy and wave function of the ith
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eigenstate of the Hamiltonian. (Throughout this paper we-
usé angular brackets { ik:s) to indicate an average over the
statlstical ensemble.) The total density of states at energy

E is defined by
p(E) = L‘1<z1 8(E-Ey)D> . o - (1.10)

The spectral density.is normallzed so that
oo

A(k,E) dE = 1 , o (1.11)

- 00

(2v)‘lj°m A(K,E) dk = p(E) . (1.12)

‘The spectral density is equal to - 1/7 times the imagilnary
part of the Greents function ¢(k,E) for the particle at

" energy E and wave vector k,9)

v In the problem we are consildering, 1t is always
possible to choose.units of length, time; and méss, such
that & = m* = D = 1; in the remalnder of thils section we
shall assume this has beenidone. To obtaln results 1in any
other system of units, 1t 1s necessary to subétitute for E,
in the expressions given below, the energy dilvided by the
unit of energy, eq = (D2 m* h—g)%, and to substitute for k
and L-l, the wave vector and inverse crystal silze divided
by the unit of reciprocal length, x, = (D m*2 h_q)%, In
additlion, the expressions for the spectral density must be
multiplied by the overall factorheo—l, whlle the total den-
1

sity of states must be multiplied by EC— Ké'
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Proceduré. For each potential'confiéuration-in '
the ensemble of possible configurations, we define the
function @(x;E) to be the unique solution of the second
order differential equation

1 3%
-5+ V(x) p=Ep , - (1.13)
ox
with the 1initlal conditions
0;E) = 1 -+, _ (1.14)

—t

£ (0im) = 2y 9(0sm) . (1.15)

Note that although'm obeys the.SchrBdingeé equation for
energy E, 1t will not be an energy eigenstate unless it also
obeys the boundary condition 89 L;E) = zr, @(L;E). Further-

more, ¢ will not, in general, be properly normalized on the

interval O <x < L. Wé also define the four functions
2(xE) = §2 (xE)/0(E) , (1.16)

b ,
0y (5E) = [ e o(x5E) ax' 1/eMK o(xim) , (1.17)

U2(X E) = gi o(x’; E) dx ]/¢(x E) R (1.18)

U (xE) = 22 (E) - " (1.19)

From (1.16) and (1.13) we find that z(x;E) obeys

the "equation of motion"
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3z _ [cp ai _ (g_%)z] /CP,E

1

o
2 .
= - z° - 2E + 2W(x) . (1.20)
Similarly, Ul and U2 obey
U,
s = 1 - 20y - kU, (1.21)
aU2 : '
55— =1 - 220, . | (1.22)

Differentiating both sides of Eq. (1.20) with respect to E,

we find
o

)
= - 2- 2z . o (1.23)

O.and Ul = U2 = U3 = 0.

If x, 1s a point such that @(xn;E) = 0, then the quantities

At x = O we have the 1initial condltions z = z

z, U U,, and U3 all become infinite at x = x_. However, the

12 Y2 n
2
)

2
four quantities (x-x )z, (x—xn)Ul, (z-x,)U,, and (x-x) U3
are contlnuous 1n the neighborhood of X With these condi-
tions, the four differential equations (1.20)-(1,23) uniquely
determline z, Ui, U2, and ﬁ3 for all x. 'Compariéon of equatlons

(1.22) and (1.23) establishes that, for all x,
U3(X5E) = - 2U,(x;E) (1.24)

Since U2 1s greater than zero, for x > 0, 1t follows that U3
l1s less than zero, ’

For each potentlal confilguration, the energy, Ei’

th th

- of the 1 elgenstate, 1s the 1 value of E whilich satlsfiles
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™

the equation z(L;E) = z; . Hence,

=, 6(B-E,;) = S[ZL - z(L;E)] %% (L,E)l . (1.25)
It follows that
L .
[J’ Q{x;E) eTKX gx F
A(k,E) = 1:<i 0_ - ~ 5, 5(E-E,)

s T T, 5 . i
I o(x;E)° dx
0 _

N

: 2
| U, (L;E) | .
(1 L;E) | &lzp - Z(L;E)J//

1 iy
T INTUImE) U3

—

= 2171 ¢ | U (L3E) P o8lz - 2(L3E)]> . (1.26)

Let us restrict ourselves, temporarily, to the case
of k = 0, 1n order to avoid complications due to the presence

of complex numbers. The Jjoint probabilityvdistribution of z
and Ul’ at the point x, is defined by

P(Z,U1§X) E<6[Z - Z(X;E)] 6[U1 - Ul(X;E)]> - (1'27)

The spectral density is given by

-1p% 2
o1, !; U, P(z,Up5L) AUy (1.28)

A(O,E) =

The spectral density would be determined if one knew the prob-
= L, The distribution

abllity distribution of z and U, at x

at x = 0 1s known:
(1.29)

P(2,U);0) = 6(z-z4) 8(U;) .
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If we can find and solve an "equation of motion"
-for the probabllity distribution, as x moves from left to
right on the line, we will be able to obtaln the spectral
density. If the potential V(x) were absent in equation (1 20)
the probability distribution would obey the simple "flow"

equation

. X
oP d_ (9 ) 1
"&<§P‘)‘§q(ﬁ—1’>

:[g%:(22¥2E) + E%I (zUl-l)] P .

The random potentlal V(x) ‘causes a "random walk" of the _
quantity z, with< [z(x+dx;E) - ?(X;E)]2> = 2dx. This adds a

diffusion term 62P/Bz2 to the equatlion of motion:

£ .5_55 + & (2P42Em) + % (zUl—l)] P . (1.30)
.\Z ” N

Equation (1.30) has precisely the form of the Fokker-Planck

equation, and is exact when V(x) has the form of white Gaussian
10) '

7

nolse.

[
\

The distribution of z and U, obeys boundary condl-

1
tlons at infinity which are determinedlby the behavior of z
and Ul at the zeros of o. Toéether with these boundary condi-
tions, equations (1.29) and (1.30) determine P(z,Ulgx) for all
X. The solutlon of a partial differential equation such as
(1.30) involves formidab%e numerical computations, however,

and it 1s fortunate that several simplifications can be made.
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We define the three functions PS(zgx), (8=0,1,2), by

Ps(z;x) E(:UI(X;E)S 6[z - z(x;E)]D

=J§ P(z,Ul;X) UlS dUl . .(1031)

- 00
The function PQ(z;x) is Jjust the probability distribution of

z(x;E), while Pl and P2 are the first and second moments with

respect to U1 of the Joint distribution of z and U1° These
functions obey the equations of motion
oP 32
2
52 [ S (B ] vy (1.32)
z .

oP 2
1 35 . 3 (.2
‘W=[-§Z’§+§z_(z +2E)-Z]P1+Po o (3.33)

dP 2 ’ : -
5-}-{§-= [g§§ + (z2+2E) g%] Py + 2P , (1.34)

with the boundary conditions

1im z="S P, = lim z°°° P, . (1.35)

Z—> oo Z— -0

Equation (1.35) is derived from the properties of z and U

1
at the nodes of ¢, where z crosses from -« to «.
At the point x = 0, we have
PO(Z;O) = G(Z-ZO) s (1.36)
Pl(Z;O) = PE(Z;O) =0 . (1-37)

The differential equations (1.32)-(1.34), together with the
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bdundary:coﬁditichs, determine P_, for all x, and are much. .
easier to solve numerically than the equation of motion for
P(z,Ul;x). The spectral density is given by k
A(k,E) = 2L PQ(ZL;L) . (1.38)
When k does not equal zero, certain changes must
be made. The definition of P, must be modified to
’P2(z;x) = | Ul(x;E)] 6lz - z(x;E)]> . (1.39)

Equations (1.33) and (1.34) are replaced by

oP — \2 v S
g;i = g§§ + g% (z%+2E) - z -.igj P, + Py » (1.40)
Lz
RP, N2, | e
=2 - g§§ + (z°+2E) g%] P, + 2 Real P, .  (1.41)
Y | | ,

The rest of equatlons (1.31)-(1.38) still apply.

'If'we'afe interested in the properties of macro-
scqpié systems,_we only need to find the spectral density in
the iimiﬁ L - «; this makes still further simplification
possible. Iq Appendix A, we give physical arguménts to show

that for large x, the P_ have asymptotic forms

Pd(z;x) ~ po(z) , (1.42)
P (z5%) ~ py(2) , S (13
Po(z;x) ~ Cx + £(z) , (1.k4)

fo
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where Pgys Pys f, and the constant C are -lndependent of x.
The spectral density is given, for large L, by

A(k,E) = 2¢ . : (1.45)
It 1s independent of the length L and independent of tﬁe
boundary conditlons Zq and'zL lmposed on the particle wave
functions.

The functions p, and p, obey equations (1.32) and

Lo TN

1.40), respectively, with the left-hand sides set equal to
ZETO;
DR (z°+2E) =0 (1.46)
;2 oz Po =" .
22 3

5 _ .
522 + E (Z +2E) - 2 - ik] pl + po - O ° (1°Ll-7)
The boundary conditions of (1.35) still apply, and P, satis-

fies the normalization

[Tpglz) az -1, | (1.48)
=0 .
which is imposed by the fact that PO(Z;X) ls a probability
distribution. If one substitutes (l.ﬁ3j and (1.44) 1in
Eq. (1.41), multiplies both sides of the equation by po(ez),

and lntegrates with respect to z, one obtains.
A(k,E) = AJ’ Po(-2) Real py(z) dz . (1.49)
-0 R

The simple form of (1.49) arises from the fact that the dif-
'ferential operator on the left -hand side of (1.46) 1is the

adjoint,‘exceptéfor a change of the sign of z, of the
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operator on the right-hand side of (1.41).

Numerical calculatlons. Equations (1.46)-(1.49)

reduce the problem of finding the‘spectral dehsity to the
solutlon of two ordinafy differential equations and one
numerical quadrature,‘tasks which are easily handled by an
electronic comﬁuter. The results of numerlcal computations
of A(k,E) are plotted, for several values of k,in Fig. 1.
'In Fig. 2, the values of A(k,E) are compared with the
approximate values obtained by the "I' = 1 approximation” of

" 11)

Suna, or equlvalently, by "approximation number 3" of

12) These are self-conslistent Green's functlon

Klauder.
"approximations, which, in effect, sum an infinite set of
Feynman dlagrams in the perturbation theory expansion of
 the Green's function, G(k,E), as indicated in Fig. 3. The

resulting equations for G are

e O T
2@ = - 22 [zm) w7, (s

- The approximate method, as expected, glves good agreement
with the exact results for positive energles, but is not
very accurate for negative energles. The low-energy tall of
the spectral density 1s entirely absent, in the self-consistent
approximation, as (1.51) leads to Green's functions which
are real at energieé less than - % 2 (=~ - .9449). N

| Density of states. The total density of states,

—

p(E), is somewhat easler to find than A(k,E); for an infinite
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| line it may be found directly from the function po(z), By
using the fact that the number of energy eigenstates with
energy 1éss than E, in any particular pctenﬁial configura—:
tion, 1s equal to the number of nodes in the function o(x;E),

wlthin a possible error of %= 1, Frisch and Lloyd1> show that

1im z° po(z) = N(E) (1.52)

Z— oo

~

where N(E) i1s the cumulative density of states defined by
N(E) =[ p(E) a’ . (1.53)
Zoo
The functlon p(E) i1s obtained from N(E) by differentiation.
A plot of N(E) for a white Gaussian noise potential méy be
found in reference 1, Fig. 6.
The function g(E) can also be expressed‘in terms

(z) at the single energy E, by use of the

a hRd i

methods of the present paper. It is easlly seen that
-1 ’
p(E) = L7 ¢ ]'U3(L;E)] a[zL - z(I;E)]> . (1.54)

If one studies the equation of motlon for the function
<(U3(X;E) [z - z(x;E)]> in the same manner that we studied
the equation of motion for Pg(z;x), one finds that for large
L, |
o0
p(E) = 2[ py(-2) py(z) dz . (1.55)
=00

Analytic results. It 1s interesting to see what

broperties of the eigenstates of the Gaussian white noise
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_potential can be derived analytically from equations (1.46)-
(1.49). The general solutlion of the differentlal equation
(1.46) can be written in integral form. The solutien which

is bounded as & —» - » 1is
po(z) = C s(z) ~ (1.56)

where

3

3 “+2Eu) du . (1.57)

i

_ z
s(z) = exp(- % b —QEZ)J? exp(%-u

The constant C 1s determined by the normalization condition,

Eq. (1.48). This gives

c =-L£w s(z) dz] . . (1.58)

When (z2+2E) is large compared to 1, s(z) may be expanded
as

s(z) a:(zg+2E)“1 + 22(22+2E)'3 + e (1.59)
It follows that

1im z° s(z) =1 , (1.60)
Z— oo
and from (1.52) we see that the constant C is just the cumu-
lative density of states, N(E). Hence, substituting (1.57)
in (1.%58), we find after changing variables and performing
one integratilon,

o0

1 -1

N(E) = EF T u”° exp(- %ﬁ u3-2Eu) d?J s
0

Nl
—
jood
L]
;M
',._l
g
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same'time the expansion for Do We find

: 2

-4

p,(2) ~ - N(E) Z 2] L (1.65)
2E(z +2E)  3E(z"+2E)

Substitution of the expansions for Py and pl‘in (1.49) gives

the asymptotic form for the spectral density:
A(0,E) ~ 2732 51 g5/2 | orE s O . (1.66)

1th the results. of perturbation theory.
The form of A(O,E) when E x¢ O 1s considerably

harder to obtain. One may proceed bj first finding two in-

dependent solutions, in the limit E << 0, of the homogeneous

equation
a2 a4 ,.2 -
{_:2 + L (220m) - z] £(z) =0 . (1.67)

From the two solutions of the differential equation one can
construct the Green's function for the differehtial operator

on the right hand side, with the boundary condition

lim z f(z) = lim z £(z) . (1.68)
Z— oo Z— =0
- Applying the Green's function to the known function po(z),
one obtains the function pl(z), and thence, the asymptotic
form of A(O,E).
The form of the solutions of (1.67) can best be

understood by writing
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which is a result obtained by Frisch and Lloyd. In. Appendix
B we show, by working with the Fourler transform of Pgys that

the cumulative density of states can also be expressed as

N(E) = 72 ﬁ[Ai(—QE)]2 + [Bi(-2E) 19", (1.62)

where Ai and Bl are the well known Airy functions,13)

From either (1.61) or (1.62) we may establish the

asymptotic forms:

[WMIE

N(E) ~ (2E)Z 771 © for E>> 0, (1.63)

N

N(E) ~ | 2E | — egp(f %¢ 2E]3/2) 5 for E << O . (1.64)

Equation (1.63) is Just the result one would obtain inAthe
absence of the random potential, and is the result one ex-
‘pects from perturbation theory; Equation (1.64), however,
cannot be obtained by such simple methods.

In order to find A(k,E), it is necessary to know
=p1(z) as well as py. Unfortunately, 1o explicit solution of
Eq. (1.47) has been found. It has been possible, however,
to find simple analytic expresslons for the asymptotic forms
of the spectral density, when one of the variables k and E
remains fixed, and the other approaches infinity. Let us
first consider the asymptotic forms of A(O,E) when E approaches
% ©, When E >> 0, P, can be expanded in the form of Eq. (1.59).
We may obtain a similar asymptotic~expansion for pl(z) by
treating the diffusion term in (1.47) as a small perturbation,

and expanding pq in powers of this perturbation, using at the
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f(z) = exp(- %-23—Ez) ﬁ(z) . (1.69)

Equation (1.66) then assumes the more familiar form,

[: _—§ E (z +2E)?} u(z) =0 , (1.70)

which is the Schrodinger equation for a particle in a certain
quartic potential. .For E ¢« 0, u(z) méy be approximated by
the W.K.B. method. The points z = % | EE!% are second order
classical turning poi‘ts, and the appr ip riate connecting
functions must be used in the vicinity,of these points.lq)
The result of these calculations is th;t the spectral density

has the asymptotic form: -
1
A(0,E) ~ 2m | 2E |? exp(- %l 2E]3/2),$ for E << 0, (1.71)

Although the asymptotic fofmé for A(k,E) given by
(1.66) and (1.71) were derived for k = 0O, it 1s not difficult
to verify that the same results hold for k # O,Aprovided that
k 1s held constant while | E | becomes sufficiently large. The
aéymptotic form, when E - -» and k/ E ﬁ approaches a finite,
non-zero constant, is also of interest. It may be obtained
by.a procedure very similar to that leading to Eq. (1.71)
for the case of k = 0. The result is that . -
A(k,E) ~ A(0,E) sech®(mk/ 8E F).

fhe asymptotic form, when k - = while E is held fixed,
can be found by expanding the solution of Eq. (1.47) for pl(z)

in powers of k—l.v The fourthitermuih the expansion is the first
which contributes to the integral (1.49) for A(k,E), and using

the relation (1.55),vit’can be shown that for sufficiently large k,
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A(k,E)'m >kt p(E) . ’(1072)

The asymptotic form of the spectral density, for large k,
may also be obtained by perturbationutheoretic arguments.

Other potentials, The essential property of the

equations of motion for z and Ul which permitted us to write
down an equation of motion for the joint probability dis-
tribution P(Z,Ul;x) was that the quantities z(x;E) and

U.(x3;E) form a Markoff process as x moves from left to right

1
along the line, If, instead of the Gaussian white noise
potential we had used a model such as Frisch and Lloyd's,

of 6-function potentials scattered, independently, at

random on the line, the Markoff property would still hold
and the procedures of tﬁis sectibn could be carried out. If
the "impurlty" potentials have non-zero range, howeVer,
z(x3E) and Ul(x;E) are not a Markoff process. On the other
hand, if one considers any mcdel in which various kinds of
"{mpurity" potentials of finite spatial extent occur in
random sequence on a line, with a glven distribution of
possible distances between successive impurity potentials,
"and zero probabllity of overlap between two potentials, éne
can obtain a discrete Markoff process by considering the
values of z and Ul at the right-hand side of each impurity
potential.

The condition which enabled us to work wilith the

functions PS(Z;X), instead of the Jjoint distribution of z

and U

1’ was that the equatilon of motion for Ul was linear in
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Ul‘ This condition also applies to the more general model
of the preceding paragraph. It follows that the gpectral
density of such a system is accessible to the- general
methods of this paper. The'mathematical details of Such a
calculation are very similar to the procedures to be dis-
cussed in Sections 2 and 3 of this paper, and we shall not
examine them further.
2. DISCRETE PARTICLES

The model. As another‘application of' the general
method we calculate the spectral density for a model of a
particle in an energy band in a discrete lattice. We may
imagine the particle to be a conduction electron or a
tightly bound exciton in a chain of N identical atoms of
infinite mass, the random part of the particle Hamiltonian
arising from thermal fluctuations in the distances between
neighboring atoms. The electronic state of the system 1s
described by giving the probability amplitude v¥(m) for
finding the particle at each lattice site, 1 <Lm < N. We

assume that thg particle Hamiltonian, H, is of the form

Hy(m) = KmV/(m) + Mm_lw(m) + me(mﬂ), for 2 _<_ m<N-1
(2.1)

The diagonal matrix element,.Kh, is assumed to depend linearly:

on hm and hm—l’ the deviations from equilibrium of the dis-

‘tances between atom m and 1ts nearest'neighbors, atom m + 1

and atoﬁ m - 1, respectively. 'The off-diagonal element Mm

1s assumed to be a linear function of the distance between
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atoms m and m + 1.  Thus we may write

K, = Ey+ah +ah , , (2.2)
M =M+ matf'_ - (2f3)

We assume all quantities in (2.2) and (2.3) to be real.

If the atoms of the lattice are connected with
sprihgs between nearest neighbors only, we know from claési—
cal statistical mechanics that the distributions of the B
various‘hm are statistically independent. If the springs
are peffectlj harménic, then the distribution of each hm
is a GaﬁSsian diStribution with mean zero and varlance
kBTa/B,-where’T is the temperature, a is the equilibrium
interatomic distanée, and B is the elastic modulus of the
chain,

© The spectral density 1s defined as

2
- 5F(E‘Ei)> 3 (2-4)

N
M@,E)=N ) ) ey (m)
i m=1

th

whére Ei and wi are the 1 elgenvalue and eigenfunction of

the Hamiltonian, the eigenfunction being normalized by ‘

N :
AT (2.5)
m=1 ’

To completely specify the Hamiltonian, (2.1), we

must specify the values of Hy(m) at the end points m = 1

i

and m = N. For a perfect lattice (h =0), it is convenient
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te assume periedlc bcﬁndary‘donditions. In that case the
elgenstates of the Hamiltonian are periodic waves,

1

¥o(m) = N72 0 (2.6)
' -1 -1 .
for ¢ = 0, # 27N ~, * 4N ~, etc., with energles
E, = Eq + 2 cos q . | (2.7)

For our present purposes, we shall not use periodic

._
w

‘e
(@3
£
ct
0]
o
o
bt
ot
2}
¢}

specify the boundary condi-

C
tions by defining quantities y(0), ¥(N+1), h, and hy to be

substituted 1n equation (2.1) at the endpoints. We define

-] ‘ :
¥(0) = yoM ™ (1) , (2.8)
V(NHL) = (MBhg) (yy-any) ™0 9(N) (2.10)

where Yo and yy are real fixed consténts. We shall not fix
the quantity hN’ however, but shall consider a statistical
ensemble of crystals, i1n which hN 1s a random varilable
~which 1s statistically.independent of the other h, and has
the same probabllity distributiocn as each of the hm' When
the number of atoms 1s large, of course, the spectral density
will be independent of the cholce of boﬁndary condition. |
The relatlon between the discrete Hamiltonian of
the present section and the Schrddinger Hamiltonian of
Section 1 may be seen 1f one assumes that the wave functions

of interest are slowly varying functions of m. The finite
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differenée operatbr H can then be abproximated by a dif;
ferential operator, which, for the case of é ﬁerfect lattice,
is the SchrEdihger Hamiltonian for a free particle wilth
"éffective masé m*‘= - Qhe/MaE, For the“imperfect lattice,
~we have the additional terms ah  and Ph_ of equatlons (2.2)
bahdb(2.3).4 The first of these leads to a deformation
potential, while the second leads to é coﬁbination defor-

- mation potential and local ch%nge of effective mass. If'.
the'wave'functions areAéufficiently slowly vérying, ahd
tbevpertufbation sufficiently weak, the local change of
effectlive mass will be negligible chpared'to the deforma— '
| tion potential.: The value of the deformation potential
coefficient V,, as defined by Eq. (1.6) is given for the

0
’present_model by

'Vo=,(2a‘+25)a, . '" o (2.11)"

"In thé limit of slowly varyling wave functions the effect of
'the:déformétion poténtial is the same as that of'a'Gauésian
_white nolse potential, with coefficient D given, as for the

- ¢ontinuous string, by
D = 2V kT/B . o (2.12)

Although the equations for A(q,E) glven below are
.derived for generél values of the pafamefers, numerical com-
‘putétions have been carried.out only for the case of B and q
'équal to zero, To facilitate compérison,with;the results

of Section 1, the units of length, time, and mass were agaih.-



o 62 =

chosen such that v = m* = D = 1, with D defined by (2.12)

and (2,11). Also to facilitate comparisocns, the origin of

the energy soczle was chosen to be the edge'of the unperturbed-
energy band, so that Eq + 2M = O; The dimensionless parametfer
which controls the shape of the spectral density is the
lattice constant a, expressed in terms of the unit of length,
-(D* ””)5

The functlon A(O E) 1s plotted, for several values

Xo
of the lattice parameter a, in Fig. 4. The value a = 0
corresponds to the continuous model of Section 1. The limit
a >> Ko"l corresponds to an energy band width (Jam] = 242 ]m*] 2
which 1s small compared with the root-mean-square deformation
potential., In such a system, the eigenstates are localized

at a single lattice site, m,vand the energy 1s shifted by

the deformation potential at that site, cz(hm+h .This

m;l)’
leads to a.spectrai density, independent of thé wave-number a,
whlch 1s a Gausslan distribution with variance equal to
D/ﬁa.lS’lé) When a 1s not large compared to Ko-l, the spec-

tral density still has the Gaussian form, const.exp(-z(E—Eo)ga/D),
‘whenever the'magnitude of (E—EO) is large compared to the

band width. Note that the center of this Gaussian is the
'center of the unperturbed band. In Fig. 4, the curve corres-
ponding to a = 8 1s almost undistinguishable from a Gaussian.
Proqedufe. For each energy, and each lattice con-

figuration, we deflne a function ¢(m), such that ¢(0) = 1,

¢(m) obeys the homogeneous "initial condition" (2.8), and ¢

obeys the difference equation
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M, o(mtl) +M . o(m-1) + §Km—E) p(m) =0 . (2.13)
We define
y(m) = (Mgh ;) o{m-1)/9(m) + an . . (2.14)
The "initilal condition” (2.8) implies that
y(1) = y5 - o (2.15)

The final condition (2,10) means that E 1s an eigenvalue of

the Hamiltonlan, if and only if

y(N+1) = Yy v (2.16)
We also define
U (m) = e o(m) /et o(m) ,  (2.17)
: m’=1
m-1 L ' :
Uy(m) = o(m)o/p(m)® ,  (2.18)
m’=1 .
:, |
U3(m) = 3 v(n) o (2a29)

The functions y and U'obey the equations

 y(m+l) = ah_ - (mtsh_)Z [y(m) + ah - E + E 170, (2.20)

I

Uy (m+l) = e [Uy(m) + 11[y(m+1) - ah_] (wpn )1, (2.21)

[Us(m) + lJ[y(m+l) ;.ahm}z (M+ma)"2 , (2.22)

Ue(m+1)

~~
no
Mo

o

N

. ; o | 5
U3(m+1) = [Us(m) - 1]1[y(m+l) - an_1° (M+3h_)"° .
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The three functions U(m) are equal to zero when m = 1.

' Hence, comparing (2.22) and (2.23) we see that f@r all m,
U2(m) = - U3(m) . (2,24)
The spectral density 1s then glven by

o, o) P . |
A(a,E) = WK T, (NFI) [ U3(+1) | 8lyy - y(N+1) 1)

i

N o) Poslyy - y(w1)1> . (2.25)

We define the functions PS(y;m)las

Ps(y;m) =<Ul(m)S 5ly - y(m) 1>, - for s = 0,1
= Ju(m) P sly - y(m)I), fors=2. (2.26)
‘These obey equations of motion of the form
P (ysm+1) - | Foyay’) Bolytim) dyt (2.27)
Pi(y;mfl) = e q:f Fi(y,y")[Py(y*sm) + Py(yfsm)] dy’ , (2.28)
Po(ysm+l) =£° Foly,5/)[Pp(y sm) + 2Real Py (y'5m) + Py(y/sm)] dy’ .

(2.29)
The kernels Fs(y;y’) are.gi?en, in terms of the prcbability

distribution p(h) obeyed by each of the h , by the equation

1 T S ‘
0y _ [ ry-ahys , (M+Bh) r
(}7;3’ I(M‘fﬁh’ V[y - @éh - Y7 —ah - E ¥ EO ] P\n_) dh . L
(2.30)



- 65-

The behavior of Ps(y;m) for large m may be studied
by a procedure very similar to the anaiysis of the corres-
ponding quantities for the white Gaussian nolse potential
given in Appendix A. We use the fact that the integral
operator on the right-hand side of (2.?9) is related by a
change of variables to the adjeint of %he operator in (2.27),

a fact which follows from the relation
Fplysy') = Fo(E-Eq-y',E~Ep-y) . (2,31)

The functions Po(y;m) and Plfy;m) approach func-
tions po(y) and pl(y), independent of m, when m becomes
large. These limiting functlons may be determined by sub-
stituting p, and p; for P, and Pl'on both sides of (2.27)
and (2.28), and using the fact that p,, as a probability
distribution, 1s normalized to have area. 1, When-m 1s large,
the function Pa(ygm) has the asymptotic form, constant.m + £(y).
The resulting spectral density, for large N, is independent

of N and Iys and is glven by
v o

Ma@,B) =[ po(B-Eg-y)[2 Real py(y) + po(y)] dy . (2.32)
'Thus, the problem of finding the spectral density 1s reduced
to the solutlon of two one-dimensional integral equatlons,
for p, and p;, and one quadrature.

3. PHONON GREEN'S FUNCTIONS
The simllarity between problems involving normal

modes of phonons and those lnvolving electronic elgenstates

2)

has been emphasized by Schmidt. It 18 not surprising,
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therefore; that the methods of the previous sections may be
used %o find phonon Greent's functions for certain one- -
-dimensional meodels. We shall consider here a model in

which N atoms oh a line are connected to their nearest

neighbors_by ldentlcal harmonic springs with spring con-

stant K. The mass of each atom may be any one of the

vaiues Ml’ Mz’ ... the probability that mass of the mfh

atom, , and is independent of all

- has the value'M_ is w

r

s

the other masses on the line. e functions we are inter-

3

‘ested in are corfelation functions of the form
o0
D(a,0) =[ e™FCx (6) K(0)>> at (3.1)
where we have used the double angular brédket<<-...>> to in-
dicate the quantum mechanical expectation value for a
variable, avéraged over the thermal distribution of phonbn
»éccﬁpation numbers, as well as over the possible sequences

of the different masses. The variables Xq,are defihed as
1 N . »
X = N"EZ e™4M 5\ R | (3.2)

th

where R 1s the displacement of the m " atom from equili-

brium and km is a real or complex number which depends on

the particular type of atom at the mth'site. For example,

iIn applications to the one-phonon inelastic scattering of

neutrons,l7) km would be the scattering length of the mth

atom. To each value of the mass, M., there 1s a corres-

ponding value Ar, so that %m = Ar whenever by = Mr° The
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operator Rm may be expanded in terms of the normal co-

ordinates Q,i of the cfystal as

R, = 23 wy(m) Q; (3.3)

where ui(m) is the eigenfunction for the 1% ormal mode.

The function D(q,w) may then be expressed as
_ | R ; - ‘
D(q,w) = T | o[ n(w) Alas [@]) (3.4)

where

-1

i

n{w) [exp(hakaT) - 117" + 1, for w > O,

Hi

[exp(h | ©]Agt) - 117, for @ < 0,  (3.5)

and. the spectral density A(g,w) is defined by

2

N
: 6(®"“®j_)> s (3*6) »
=7 .

Aq,0) = WO ) M A ()
>Where Wy 1s the frequency of thevith mode. The eigenfunc-

tions ui(m) obey the equations

Kui(m+l)'+'Kui(m~l) - (EK—ummig) ui(m) =0 , {3:7)

.
) g (m® =1 o (3.8)

m=1

The uy must obey apprcpriate homogeneous boundary conditilons
at the ends of the line, which wé‘ghall not specify here.
In order to simplify slightly the equations which

follow, we assume that units have been chosen such that the
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spring constaﬁt, X, equals 1.

In the analogy with the procedures of Sections 1
_and,2, we define for each frequengy ® > 0, and for each of
the possible sequences of masses, a function ¢(m), which
haé a fixed value at m = O, which obeys the homogeneous
boundary condition at the left-hand end of the chain, and
which obeys the difference equation of (3.7) with o and 0

substituted for wi and ui. Let us also define

y(m) = ¢(m-1)/9(m) , (3.9)
m-1

Up(m) =) ny, 7Y o(n) /eI g(m) L (3.10)
el

Up(m) =) by 0(m)%/e(m)? (3.11)
m’=1

Uy(m) = §5 ¥(m) . (3.12)

These obey the equations,

y{m1) = [2 - uo® - y(m)]7t (3.13)
U (m+1) = e y(m1) (U (m) + A1 (3.14)
Up(m1) = y(m+1)® [Up(m) + u_] (3.15)
ﬁ3(mf1) = y(m+1)? [Ug(m) + 20 0] . (3.16)

From the last two equatlons we see that

Uy(m) = 2wU2(m) . (3.17)
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I1f we define Ps(y;m) precisely a% in Eq. (2.26), then
-1
Alq,w) = 20N~ Po(yysN) (3.18)

where we have assumed a boundary condition on the right-hand
end of the chain of form y(N+1) = yy- The equations of

motion for the PS are

-2 2 -1
y © =, Po(2-M -y Tim) (3.19)

Po(y;m+1)

ig_-1 2 -1 2 -1
etdy err{Pl(2_Mrw -y T;m) + APPO(B-MPw -y ;m) ]
(3.20)

P (y;mt+l)

| 2 -1 2 -1
Pz(y;m+l) = errﬂPz(E-Mrw -y Tim) + 2 Real[ArPl(EuMPw -y ;3m)]

+ ] Ar[z PO(E—MPwQ-y_lgm)} . (3.21)

.o+ If the funcﬁions Po(y;m) and Pl(y;m)'approaCh con-
tinuous-iimits, pc(y)'and pl(y), as m -» o, then these limits
can be found by substituting Py for PS on both sides of equa-
tions (3.19) and (3.20). If furthermore, the function
Pg(yjm) has the asymptotic form constem + f(y), as m - o,
then we may fiﬁd the spectral density by multiplying both
sides of equation (3.21) by Zr'wr'pO(E'Mr'wz'Y) and integra-
ting with respect to y. By changing the variable of inte-
gration on the right-hand side fromy to ¥ = 2 - M_ - y 0,
and using the difference equatlon satisfled by Pgs W€ find

(in the 1limit N - o),

o0
A(q,) = 20f 2w py(2-M -¥) {2 Realla p (¥)] +| 4, F py(V)} 4
00 -
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Unfortunately, the functions Ps(y;m) do not neces-=
sarily approach continuous limits as m = m,‘even if one starts
with a continuous function for Po(y;O). Schmidtz) showed that, .

~at least in certain cases, po(y), 1f it exists at all, is
highly discontinuous, the values of po(y) being infinite at
a dense set of points. Even i1f the 1limit po(y) does exist,
in these casés, it 1s not clear that the limit pl(y) will

exist, or that the integral on the right-hand side of (3.22)

sy WIIET

is. reaseon for believing that
A(q,w) l1tself 1s infinite at a dense set of points, in cef—
téin reglons of the line 0 ¢« w <« =, while the integral

sz A(q,0’) dw’_ 1s a continuous function of w. Numerical
ggmputations of A(q,w) in these regiong of bad behavior is
clearly out of the question.

The reason for this difficulty 1s that we have
chosen a discrete set of masses Mr' If we had chosen a con-
tinuous distribution of possible masses, so that the sums 1in
equations (3.19)-(3.22) were changed to integrals, then all

- the limits would have existed and the functions pS would be
continuous. Physically; we expect to be able to épproximate
a discrete distributlon as closely as we desire by a con-
tinuous distribution which is sharply peaked about the values
of the discrete distribution. If A(q,w) is discontinuous for
the discrete distribution, we would not expect to be able to
calculate 1t 1n this manner; but the quantities of real

. Physical interest are averages of the spectral density over

1 p @A
a finlte spread of w, such as (Aw) Jﬁ A(q,w’) dw’, and
w
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we do expect that, for fixed Aw, such quantities can be cal-

éﬁlated as accurately as desired by choosing a continuous

distribution sufficiently close to the discrete distribution.
4. TWO-PARTICLE FUNCTIONS |

Electrical Conductivity. The methods of the pre-

vious sections can be generalized to two particle functions,

such as the frequency dependent electrical conductivity of

s

a system of non-interacting electrons in a random pctential.
The real part of the conductivity, at frequency w, for a
collection of non-interacting, spinless particles of charge

8)

e and mass m, is gilven by1

wezj’ f(ayv) - £la{v+w)]

T F(v,v+w) dv , (4.1)

Real o(w) =

‘where F is the Fermi function,

£(E) = {exp[(E-p)/kgT] + it (4.2)

and F 1s defined by

, E ’ B
P(v,v) = L) 12 1p]3) Pty - ) s(v - g (5.3)
g

In Eq. (4.3), L 1s the length of the system, (i |p | J) is
the maﬁrix element of the momentum operator between the
eigenstates 1 and J of the one-particle Hamiltonian, and

Ei and EJ are the energles of the eigenstates; the quantity
i in equation (4.2) 1s the chemical potential of the elec-

tron system. If the real part of the conductivity 1s
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known, the imaginary parﬁ may be calculated by use of the
Kramers-Kronig relations.

As an example, we shall derive the expressions for
F when the random potential is the white Gaussian noise
potential of Section 1. We agaln choose units such that
h=m=0D=1. We define the functions o(x;E) and z(x E) as

in Section 1. We also deflne a new function
X

[ o(x'3E) 525 o(x'5E7) axt
TJ’I’_-;ﬂ f = :o P .
HIEET) = W(GE) S(KET] - B

The equation of motion for W is
aW . . ? I .
% = z(x;E’) - [2(x3E’) + z(x3E)] W . (4.5)

Functions Ps(z,z';x) are defined, for s = 0,1,2, by

= S =
P (z,2'5x) =CW(xE,E’)” 5lz - 2(x;E)]

. lz? - z(x;E")]> .

(4.6)

The equations of motion for these functions are

oP 2 2 2
aXS = [552 + 29 + 9 5 + (22+2E) g% + (z'2+2E') §§7

dzdz'  dz!
+ (2-8)(Z+Z'{] P, + szP 1 . L.7)
2 2 '
1"q " B 5 6
(Note that the "diffusion term", SZE + 2‘azaz' + -l rep-

resents random walk in the (z+z’) directilon only; the random

potential in the equation of motion for z(x;E) is the same

as that in the équation for z(x;E’).) The boundary conditions
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at infinity on the functlons Ps are

9im z° S P = lim z°% p_
: s s
Z— oo Ziy =00
!
X 2-8 . ,2-8
lim =z’ P, = 1lim z’ Py - (4.8)
Z! 5 4o zZ! 5 =0

If E does not equal E’, then PO and P1 approach
limits po(z,z’) and pl(z,z’)g independent of x, as x ap-
proaches infinity. The limiting funcéionsvare determined by
the differential equations (4.7), with the left-hand sides
set equal to zero, together with the boundary conditions
(4.8) and the normalization condition [[ p,(z,z’) dzdz’ = 1.
The function P, has the asymptotic form, const-x + f(z,z’);

and we find that in the 1imit of very large L,
Yy _r-L )
F(E,E’) =4L, P2<ZL,ZL,L)
= 8 [ pol-2,-2") p,(z,2") zdzdz’, (4.9)

For the case where E = E’, these methods cannot
be used directly, because Py and P, do not then approach a
well-behaved 1limit as x -» «». The zero-frequency conduc-
tivity must therefore be obtalned by studying the 1limit of
o(w) as @ - O.

Interband optical transitions. As a final example

of the properties which can be calculated using the methodsv
of this paper, we mention the line shape for optical absorp-

tion by interband electronic transitions, under the assumption
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that the electron and hole do not interact. We consider

& model in which the electron and hole are treated in the
effective mass approximation, and the random potential is
white Gausslan nolse arising from a deformation potential
on a classlcal continuous string. The effective mass, m¥,
and the deformation potential coefficient, VO’ may be dirf-
ferent for the electron and hole. We assume that the inter-
‘band part of the momentum operator, which 1s responsible for

the interband transitions, has the form

Pintervang = consteS [af(x) al(x) + a,(x) a (x)] ax , (4.10)

where ag, ay s ag, and a_ are the creation and annihilation
operators for a hole and an electron, respectively. The

optical absorption for this model is proportional to
a(w) = [ &(v,w-v) dv , (4.11)

where G 1s defined, 1n terms of @ih and Eih, the wave function

and energy of the ith hole eigehstate, and @Je and Eje, the
wave function and energy of the jth electron state, by
5 h e
= L. 2 E E
= =1 h e i J
G(v,v’) = L <§IL @i(M<%(X)mﬂ 5(v - ) s(v' - £-)> .
1j -

(4.12)
The procedures for calculating G(v,v') are very similar to
the methods used in calculating the function F(v,v') of

Eq. (4.3), and we shall not discuss them further, here.
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APPENDIX A. ASYMPTOTIC BEHAVIOR OF PS(Z;X)
We wish to study the behavior, for large x, of
the functions PS(Z;X) for the Gaussian white noise potential
of Section 1, The function PO is the probability'distribu—
tion of z(i;E), and we shall give a physical argumént that
this probability must approach a limiting distribution as
X —» o, It 1s perhaps easiest to first project the line,

- w < z(x;E) < » onto the unit circle, O < 0(x) < 2T by
6(x) = 2 arctan z(x;E) . (A1)

The equation of motion (1.20) for z can be translated into
an equation of motion for 6(x), which may be desoribed, like
the equation for z, as a "flow" plus a "random walk". The
flow veloclty for 6 is continuous at all points on the unit’
circle, including the point 6 = T, corresponding to z = o,
The magnitude of the random walk vanishes at the point

@ = m, but the flow velocity at this point is not zero. At
all other points on the circle, the random walk 18 non-zero.
It 1s physically clear that no matter what the value 1s of
6(x), there will be a finite and nonuvanisﬁing probability
density for 6(x+Ax) to be at any point on the circle, for
any Ax > 0. More explicitly, we claim that for any Ax x 0,
the conditlonal probability density, p(6’] 6”,4Ax), for
0(x+Ax) to have value 6’, when 6(x) = 67, is bounded above
for all 6’ and 6”, and that there exists a lower bound

m > O such that

»
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p(6']6",Ax) > m,  for all €',0” . (h2).

These conditions are more than Sufficiknt to insure that'the
probability density of 6(x), and hence that of z(x;E), ap-
proaches a limit exponentially fast as!x - o, It would have
been Sufficient for convergence, that %he abo&e con@itions
hold for one particular Ax > 0. Also 1t would have been
sufficient that (A2) hold for all 6", whenever 6’ lies in a
specified non-zero segment of the ciréle.19)

" The function Pl(z;x) obeys the differential equa-
tion (1.40) with the boundary condiﬁi@h (1.35). Since the
inhomogeneous term in (1.40), PO(Z;X),!approaohes a limit
exponentially fast, the function Pl will approach a limit if

all solutions of the homogeneous equation,
d d° 2 d .
5= flz;x) = 2 + {z +2E) 57tz -1k flzzx) , (A3)

with the boundary conditlon

lim zf = 1lim zf , (AL)

Z— oo Z— =00

decay to zero as x — ». Let us define the function Uu(x;E)

by

Uy(x;E) = c/e™* o(x;E) , (A5)

where ¢ is some constant. By examining the equation of
motion for Uq, one‘can readily see that the functions

f(z;x) are Just the expectation valués<:U4(x;E)'5[z - z(x;E) 1>,
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where the average is to be taken not only over all poten-
‘ tial configurations,'but over a distribution of initial
~conditions Zq and constants ¢, chosen so as to give the
correct values for f(z,0). Using the same reasoning as that

used 1in.equation (1.26), we see that
{: 4

(Uy(L;E) 8lz; - 2(L;E)1> = £ e Ml o z v,(0) ¥, (L) 8(E-E,)> ,
T (46)

als o
where tne vy 8f

re the normalized eigenstates of the Hamiltonian,
with the boundary condition ZL' Borlandgo) has shown that
the elgenstates in a one-dimensional disordered potential
are highly localized in space, decaying exponentially on
Aeitheri§ide of the, point at which they are maximum. It
follows that the product wi(O) wi(L) wlll be very small for
large L, and unless the density of states 1s infinite at
energy E, the function f(zL;L) must be very small, for large
L. Since ZL“iS an arbitrary constant, it follows that all
‘solutions of @A3) and (Al4) decay to zero as x - =,

Fiﬁélly we consideruPE(x;z). If the spectral
density is to be independent of L, and of the boundary con-

dition zp, 1t follows that,

x~1 P2(z;x) = C +1R(z,x), (A7)

where C 1s a constant, and the remainder, R(z,x), vanishes
as X —».w., If we make the further assumption that x%%(z,x)

goes to zero for large X, then one can use the reasoning

“
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preceding (1.49) to evaluate C, and thus determine the
spectral dengity.
It is also possible to study the limiting form

of P, more directly from the equation of motion (1.41),

2
without use of the physical interpretation of Pgo The

function P2 may be written as
Py(z3x) = QJB dzfja dx’ G(z,x-x’;z’) Real Pl(z”;x’) , (A8)

where the Green's function G(z,x;z’) 1s the solution of the

homogeneous equation

2
2 a(z,x527) = g§§ + (Peem) S o(zmz) . (49)

Z

for x greater than zero, wilth the- boundary conditions

1im G(z,x3z’) = 1im G(z,x;2°) , (A10)
Z s oo Z— -~
G(z,0:2") = s(z-27) . (A11)

We know that Pl(z’;x') approaches a 1limit as x - »; in order
to find the asymptotic behavior of P2 from (A8) we must also
study the behavior of G. Let H(z’,x;z) be the scolutiocn of

the adjoint equations:

\

. .
% 8552 - 5%, (z’2+2E)] H, forx>0, (A12)
Z

- , 2 , , 2 ' o
im z’“H = 1lim 2z'“H (A13)

AL ] Z! =0
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H(z’,05z) = s5(z-2’) . (ALL)

If* we multiply both sides of (Al2) by G(z’,x"-x;z")
and inﬁegrate with respect to z’ and x, over the region

- oo < 2" < wand 0 L x £ x", then we find, after Integration
by parts,%})

3,
\

X\\w G(Z,X”,“Z”) - H(,Z",X”;Z) i (A15)

Note that Eq. (Al2) is identical to the equation
of motion, (1532)3 for PO’ except for the sign of z’. Hence,
from our discussion.of the limiting form of PO’ it follows
that G(z,x;z’) approaches the 1limit po(—z’), independent of
the value of z, as x -» », and that this approach is exponen-

tially fast. From this it follows that P z;x) has the

o
form (constex + f(z) + terms which go to zero as x - ®),
and the spectral density, for large L, may be found from

Eq. (1.49).
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APPENDIX B. DENSITY OF STATES FOR THE WHITE GAUSSIAN NOISE
POTENTIAL IN TERMS OF AIRY FUNCTIONS
/ﬁquation (1.46) for the probabllity distribution
po(z), in the case of a white Gaussian nolse potential, may
be integrated once with respect to z, giving

d

= * (z2+2E)} pO(Z) =ﬁ@0n5t~ (B1)

From (1.60) and the discussion following 1t, we see that
the constant 1n (B1) is Just the cumulative density of
states, N(E). Taking the Fourler transform of (B1), we have
32
(- — +1q+2E) p(q) = 27N(E) &(q) (B2)
dq :
where p(q) 1s the Fourier transform of po(z),_ As a Fourier
transform of a probability distfibution, p(q) must be equal
to 1 when q equals zero, p(q) must appreach zero when q - % o,
and p(q) must equal p(-q)*. This last requirement, together

with (B2), implies that

- 1im Real dp(q)/dq = 7N(E) . j(BB)
q- O+

If g(q) is any solution of the homogeneous paré—of

equation (B2), such that g(q) - O as @ —» + =, then it follows

that -7+ Real [g’(o)/g(d)] = N(E). If we write g(q) = G(t),
where t = - 1q - 2E; we have .
N(E) =-7" mag [G’(-2E)/G(-2E)] . (B4)



e

The function G(t) must approach zero as t — - iw, and ¢

must obéy‘Airy's differential equation,
() =t c(t) . (B5)

. 6,»:‘
The general solution of (B5) 1s G(t) = a Ai(t) + b Bi(t),
where Al and Bl are the Airy integrals, defined and tabu-
lated for real values of t in reference (13). The Airy

integrals may be expressed in terms of Bessel's functions

/

/3 order, and have an analytic continuation to the en-

'__Il
W

of
tire complex plane. From the well-known asymptotic pro-
perties of the Bessel's functions,gg) it follows that

when [ t} - », the Alry functions have the asymptotic form,
_i _l . 3/2
Ai(-t) ~ 772 t7% sin (g7 + 26°/7) (B6)
i 1
Bi(-t) ~ T2 t7¥ cos (&r + 263/2) | (B7)

in the sector - 57 < arg t < 7. The condition G(t) - O,

as t - -.1lw, thus impliles
G(t) = alai(t) - 1 Bi(t)] . (B8)

Since the Wronskian, Ai’(t) Bi(t) - Bi’(t) Ai(t), equals

-1/m for all t, we have, finally,

N(E) = 72 {(a1(~28)1% + [B1(-28)1% 7Y . (m9)

4 by
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FIGURE CAPTIONS

Figure 1. Spectral density, A(k,E), for white
Gaussian nolse potential. Energy 1s measured in units of
€y = (ng*h_g)%, wave number in units of x_ = (Dm*ghma)%.
The spectral density is normalized so that the area under

the curve is 1.

Figure 2. Comparison of exact values of A(k,E)
;;with results of self—consisﬁént Green's function approxima-
tion, for white Gaussian noise potential. (a) - Wave
number k = 0. (b) - Wave number k = 1. On this scale,

the exact and approximate curves for fhe spectral density
would be almost indistinguishable for k = 2. Units are

the‘same as in Flg. 1.

Figure 3. Self-consistent Green's function ap-
proximation. Heavy solid line denotes complete Greenf's
functilon for pafticle; light solid line dehotes unperturbed
Greents function for particle; dotted line denoctes a phonon
(Reference 11) or connects repeated scattering from same

impurity (Reference 12).

Figure 4. The spectral density, A(O{E)g for the
discrete model, for several values of the lattice constant
a. The energy E 1s measured in units of e = (ng*hmg)%§
the lattice constant in units of = 7 2 "4)=%

o (Dm* n . The

i

0 state in the un-

il

zero of energy 1s the energy of the k

perturbed lattice.
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CHAPTER III

TEEORY OF THE LOW ENERGY TATL

Section 1. The Density of States

In this chapter we present a general method for approximating the
low energy tail of A(k, E) for an exciton interacting with phonons of zero
frequency. As we have remarked before, the problem, in this case, is that
of finding the spectral density for a particle in a random potential. This
chapter represents an adaptation to the exciton-phonon problem of techniques
recently develqped by the author, in collaboration with Dr. M. Lax of the
Bell Telephone Laboratories, for studying the density of electronic states
in the low energy tail of a high density impurity bandcl

The Hamiltonian for the exciton is assumed to ha&e the form
H =Y +V(x). (1.1)

The operator &, the "kinetic energy" of the exciton, is the energy of the
exciton in the perfect lattice, and is a function only of the exciton
momentum. The random potential V(§) is diagonal in the exciton position,
and depends on the particular lattice configuration. (The following discus-
sion will in fact be equally applicable to the case of a non-local random
potential, but we have assumed a local potential in order to simplify our
equations.) We shall denote the minimum eigenvalue of’{7'by the symbol Eon We
assume ‘that the average value of'V(g),is zero; this is no restriction because
‘we may always, include the average value of V in the kinetlc energy.

The exciton spectral density is given by

sk ) - 2(5 v @12 sE - ) (1-2)
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. .th |
where Q is the volume of the crystal, Ei is the energy of the i b elgenstate
. t
of H, and Wi(E) is the k h Fourier coefficient of the corresponding wave
. . -ikex e
function, Wi(E) =f e T~ ~ wi(x) dg. The angular brackets indicate a thermal

average over lattice configurations, which may be defined by

(¢ )= Z’lf.é exp[- U(Q)/k5T] 49 » (1.3)

vhere U(Q) is the potential energy of the lattice configuration @ (with no

exciton present), and Z is the partition function,

4 =\/Fexp[— U(Q)/kBT] aQq . (1.4)

The indicated integrations in (1.3) and (1.4) are multiple integrals over
all the lattice degrees of freedom.
The spectral density is closely related to the total density of

states, p(E), defined by

p(E) = 5 (Z, 8@E-E)) . (1.5)

Sl

When the energy E is sufficiently far belOW'EO; the density of states p(E)
decreases very rapidly with decreasing E. Because the average value of
IW1(§)12 is a relatively slowly varying function of the energy, we expect
that the behavior of A(%, E) will be principally determined by the behavior
of the density of states, and our first task will be to determine the ap-
proximate form of p(E).

The approximations we will make will be valid only in the low
energy tail. For the time being we shall not be precise about the meaning
of the low energy tail -- that is, we shall not specify Just how far below
EO one must be. We do state that the energy must be sufficiently low so that

the ratio p(E)/p(EO) must be much smaller than 1. This means that |E - E_|
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must be large compared to the energy easily obtainable from the potential
fluctuations. Note that the low energy tail may be reached in two ways,
by keeping the fluctuations fixed and letting E - EO — - ®, Or by holding
E -~ Eo fixed at a given negative value and letting the fluctuations become
small, (i.e., T —»0° K).

If the exciton band were perfectly f£lat, so that the kinetic
energy term T were simply a constant, Eo’ the density of states would be
very simple. The energy eigenfunctions would be localized at a single
lattice site, and the energy of the state would be Eo plus the value of V(x)
at that site. The density of states p(E) would then be equal to the number
of lattice sites per unit volume, multiplied by the probability density for
the value of V(g), at any one lattice site, to take on the value E - E .

As soon as the kinetic energy operator is non-trivial, however,
the eigenstates are no longer localized at a single site; the potential
energy is not the value of V(x) at a single site but the average of V(x)
over several adjacent sites. As a result, the only potential fluctuations
which caﬁ produce a low energy eigenstate are those which have a wavelength
larger than the "width" of a "typical wave-function”. This means that the
number_of low-energy eigenstates 1s greatly reduced. The method described
below for estimating the density of states in the low energy tail is a
method for making the best possible estimate of the "width” of a typical
wave-function, at a given energy, and then using this information to cal~
culate the probability of occurrence of a potential fluctuation of the
necessary magnitude over a region the size of the wave-function.

The crucial assumption we make is that at a given energy E in the

low energy tail, almost all of the energy eigenfunctions have approximately



.

the same shape. Specifically let us assume that whenever E, ~E, we find
~ - .6
v, (%) Tx-x) , (1.6)

where f is a fixed function, and X is a position variable which may be any-
where in the crystal and will be different for each elgenstate. It is no
restriction to assume that f has its maximum when its argument is zero.
States in the low energy taiz will generally be highly localized in a region
of low potential, and it is clear that f must be rapidly decreasing when its
argument becomes large. We also require that f(x) obey the normalization
condition imposed on the wave-function Wi-

For the present, let us assume that the function f is known -- we
shall discuss later the best method for finding this function. Let us use

the right-hand side of (1.6) in a variational estimate of the energy Ei°

The variational estimate, for a particular choice of 3 is defined by

E(x ) = j;?(;g - X ) Hf(x - x ) ax

~

The variational energy can be written as the sum of two terms

= 1.
E,(§O) 9+Vs(z~<o) 5 (1.7)
where
— - [2nd —
6 —jf(zs )00 (x - x ) ax
' 2
= - j . 1.
Vo) = [ el - 5P Vix) ax (1.8)
Note that the kinetic energy O is independent of the choice of X, because
the operator I is translationally invariant. The potential energy VS(§O) is
an average of the potential V(x) in & region about x = X - As x is permitted
to vary throughout the crystal, VS(§O) will fluctuate about an average value

of zero, and at various places in the crystal, Vs(xo) will exhibit an unusually
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large negative fluctuation. These places correspond to regions of very low
-V(;), and hence to places where we expect to find a low energy eigenstate
Wi(é). We know that a variational estimate of the ground state energy of a
system always overestimates this energy. Hence we expect that E(§O), in a
region of negative fluctuation, will always be larger than the true energy Ei
of the local low energy eigenstate. The best estimate of the energy Ei is
thus obtained by choosing x_ 8O that E(§O) is as small as possible, i.e., so
that E(§o) is a local minimum. In general, E(ﬁo) at this minimum may be con-
sidereably larger than Ei; however, if the assumption (1.6) holds, we expect
E(§o) to be a good approximation to Ei whenever Ei ® E. It may also be seen
that, in general, if E(§o) is close to E, then Ei will be close to E, and
hence E(§o) will again be a good approximation to E.. (This last statement
follows from the fact that the density of states is rapidly falling with de-
creasing energy, and thus almost all of the eigenstates with energy less than
E have energy close to E.)

It may be objected that the variational principle rigorously tells
us that E(§o) is greater than Ei only if wi is the ground state of the exciton
for the whole crystal. In order for E(§O) to be smaller than Ei’ however,
the trial function f(x - §O) must mix in another wave function Wj whose energy
is lower than Ei' In the low energy tail, where the density of states is very
small, energy eigenstates are very few and far between, and the possibility
of simultaneous overlap between f(§ - §O) and two different eigenstates is
guite negligible.

If, as we claim, there is a close one-to-one correspondence between

local minima in E(x ) and the energies of eigenstates in the vieinity of E,

X
~0

then the number of eigenstates with energy E is approximately equal to the
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number of local minima in E(§o> with value E. Thus we have the following

approximation to the density of states:

1 Number of local minima in E(x )
o (B) = 5 such that at the minimum
ESE(;EO)SE+dE° - (1.9)

We have placed the subscript f on the density of states to remind us that
the validity of the estimate will depend on the correct choice of f.

Until now, we have used the words Mlocal minimum® loosely to mean
the minimum value of E(§O) in some region. For purposes of computation we
wish to define a local minimum as any point where‘?fE(gQ) equals zero and the
second derivatives are positive. (We assume here a model of the exciton band
in which the position X 1s a continuous variable. The medifications necessary,
when the position variable is treated as discrete, will be discussed at the
end of section 3.) If two points with vanishing first derivatives occur very
close together, then the use of this new definiticn may destroy the one-to-
one correspondence between local minima and eigenstates, because the same
eigenstate may be counted twice. It may be shown, however, that in the low
energy tall, the probability of occurrence of two points close together, with
E?E(§O) = 0 and E(gb) < E at each point, is extremely small. Furthermore,
if there is only one such point in a region, it must be a local minimum, so
that the second derivaties are automatically positive. Hence, we may sub-
stitute for the words "local minimum in E(>~<O )¥, in Eg. (1.9), the words
"point where Y E(x ) = 0O".

Let us now consider the problem of finding the best trial function f.
We know that regardless of the choice of f, the variational estimates of the

energies of the eigenstates will be high. In the low energy tail, where the
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density of states is rapidly falling, any approximation which systematically
overestimates the energies of all the eigenstates 1s bound to underestimate
the density of states. Thus we claim that in the low energy tail, no matter
what the choice of T, pf(E) will be smaller than the true density of states,
o(E). Clearly the best choice of f, for any given energy E, is that which
maximizes pf(E). We call the density of states obtalned by this opbtimum
choice "pl(E)“; i.e., we have

pl(E) = m;-x o (B) - (1.10)

Section 2. The Spectral Density

Thus far we have discussed only the total density of states, p(B).
In order to calculate the optical absorption, one needs to know the spectral
density, A(E, E). The spectral density is, by definition, the product of
the density of states p(E) times the expectation value of the absolute square
of the kfh Fourier component of the wave functions at the given energy. If
our assumption is correct, that almost all the wave-functions at energy E
have the approximate form f(x - 50), then the absolute square of their
Fourier transforms must be approximately ]f(E)lE. Thus we claim that in
the low energy tail,

Ak, B) ~ |£x)|° p@®) , (2.1)

where f is the function which maximizes pf(E)» To compute A(%, E) when we
do not know the exact density of states, p(E), we use the approximate density

of states, pl(E).
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Section 3. Method of Calculation -- Linear Systems

In general, the calculation of pl(E) must be carried out
approximately on a computer. The value of pf(E) must be computed for a number
of different trial functions, and the largest value so obtained chosen as the
approximate density of states. In the important case of a linear system (i.e.,
harmonic phonons and linear phonon-exciton interaction) important simplifica~
tions exist. In this case the potential V(x) obeys Gaussian statistics, and
pf has a simple explicit expression in terms of integrals involving f. These
integrals can often be performed explicitly for simple trisl functions, and
a good estimate of P1 may be obtainable by hand. Alternatively, the optimiz-
ation may be performed by computer, and the approximation pl(E) obtained, in
the Gaussian case, with very high accuracy.

In any case, one must first convert Eg. (1.9) into a more conven-
lent expression for Ppe The method we use is essentially a generalization
to three dimensions of a method used by Rice in random noise problems.

Equation (1.9)may be written
oe®) = L fay (s n- gy eim -6 - v 1) (5.1)
f Q L A5 °W % s ?
where {yj} is the set of all points satisfying
IV (L) = 0. (3.2)

When the indicated average over all potential configurations has been taken,
the quantity in brackets in (3.1) becomes independent of ¥y, and the integra~

tion over y merely yields a factor of Q. Thus we may write

op®) =(=,8(y - g 8[E - 6 -V (1) (3.3)

where y is any point in the crystal. We next make a transformation from the
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variable y to the variable YVS (z) by writing
2,80y - yy) = [V _(y)]laet YVV_(v)| - (3.4)

The determinant of the second derivatives in (3.4) arises as the Jacobian of

the transformation. Equation (3.3) can now be written
o @) = (BB - 6 -V ()] 8[YV, (y)] det YYV (x)) - (5:5)

In (3.5) we have dropped the absolute value sign from the determinant
because, as mentioned earlier, almost all the critical points of Vs(y) with
Vs(y) = E - 0 have positive second derivatives. The quantity pf(E) is then
determined by the 10-variable joint probability distribution of VS and its
first and second derivatives at a single point.

We now restrict ourselves to linear systems, where the random
potential obeys Gaussian statistics. The potential energy of the lattice is
expressed in terms of the phonon displacements an and the elastic constant

~

akn, where k is the wave vector of the phonon mode and 7n is a polarization

~

index. We have

v@) = =) a_le | (3.6)
2 kn " kn .
kn
The coordinates an are not linearly independent because an = Q-kn*° The

displacements have a Gaussian distribution with{(an Qk'n'*>= akk* SWH' kBTﬁ%gn°

The exciton-phonon potential is expressed as

V(x) = 2{4 Ny R, (3.7)
, K 3
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where we have the condition that kkﬂ = X—kn*' (In the case of a lattice

with one atom per unit cell, the correspondence between the symbols A, «,

and Q, and the symbols of Chapter I is quite simple. We have

1
+ -5
= b + b 2p0 W
Q}Eﬂ (1571 -1571) (2p w}gﬂ) )
1
Akn = (2p0 cakn)2 ch, , (independent of E’),
2

akﬂ = pQ wkn .

When there are two or more atoms per unit cell the relations are similar but
somewhat more complicated. )

The random potential V(x) obeys Gaussian statistics with

(V)Y = o,
V) Vi)Y = T - x), (3.8)
where
N ik- 2 -1 ..
W(x) = ane~?5 ool oy 5 (3.9)

Similarly, the function Vs(y), being a linear combinstion of the Gaussian

variables V(x), obeys Gaussian statistics with

<VS(X)> = 0,

(V@ VY= Tl -y, (3.10)

where
7 t — 2 4 t2 b4 H
Glr-x') = [fx-yx)" £& - y")" Wz - x') axdx'. (3.11)
The autocorrelation function G(z) completely determines the statistics of VS

and its derivatives. Let us first compute the four-variable joint distribution
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function of VS(Z) and its first derivatives at a single point. The variance
of VS is given by

<vs(z)2 >= T G(0) T o %, (3.12)

i

The covariance of Vs with its first derivatives is given by

(v, vV )Y = T, G - gt (3.13)

=y -
Because the function G, by definition, is an even function of its argument,
the right-hand side of (3.13) vanishes identically. Finally, the correla-

tions of the derivatives among themselves are given by
(tev_ @] RV (1) = -Tygye©) . (3.1%)

Tt is convenient to choose the coordinate axes such that the matrix of

second derivatives of G is diagonal, with the form

2
01 0 0]
vVGO) = - 0 022 o | (3.15)
2 L4
0 0 o
3

In this case, the three components of SZVS(Z) are uncorrelated, and the joint
distribution function Pu of VS and its derivatives is simply the product of

four Gaussians:

B, 0 A) = (B0h -V (7)1 804 - 7V _(1)])
2 2 2
) N 2 A A, Ay
= 5 2 expl-——7 - 5" 5 - 5 |- (5:16)
()~ T 0,99, 3 ETUO 2’.[‘01 2T62 2T05
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The density of states pf(E), according to (3.5), is equal to the
product of the probability density PM(E -0, 2) and the conditional expect-
ation value of the determinant of second derivatives, given that VS(Z) =E -~ 0
and.S?VS(Z) = 0. BEach of the second derivatives may be written as the sum of

a term proportional to VS(X) and a term uncorrelated with Vs(z); that is

vV = V M+ X .1

VYV () S M+x (3.17)

where M is a constant matrix, and X is a matrix of varisbles, uncorrelated
w5 ’ e 3

with Vs(z), which have mean zero and variances proportional to the temperature

T. The matrix M is given by

SR04 AN 7 7G0) S
M = = m —— 3.17a
et #o

Note that % is independent of T. Thus, when VS(X) = E - 0, the second

derivatives are equal to (E - G)M plus terms which disappear as T — 0. The .
determinant of the second derivatives is therefore equal to (G-E)Bﬁidgﬁg §O6
Plus terms which are negligible in the low energy tail. This reasoning also
confirms our earlier claim that almost all critical points of Vs are minima

when'VSAS E - 6.

Our final result for pf is

3
o, 6,0, (6 -E) 2
123 (6 - E)
p.(E) = exp | - . (3.18)
f (2n)2 T2 . 7 o 002

We must now choose f so as to maximize (3.18). When T —0, it is
clear that the exponential factor will become extremely sensitive to the

choice of f, while the other factors are much more slowly varying. Hence,
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the best choice of £ is that which maximizes the exponential factor in

(3.18), or equivalently, that which minimizes the expression

052 [E-JTTr6) axl
2 7 2 - (3.19)
o . T e oY) Wik - x') dxax?

Note that in the low-energy tail the choice of f is independent of T. Hence

Gl, Oy 05 and @ will also be chosen independent of T, and

the temperature dependence of pl(E) will be just the explicit T-dependence

the factors UO,

of (3.18):

p (E) = A(E) 772 expl-B(B)/T] . (3.20)

The physical significance of choosing f so as to minimize (3.19)
may be explained as follows: The function W(x - x') is the autocorrelation
function of the random potential V(ﬁ) and is generally very small for distances
larger than a few lattice constants. When f(x) is spread out over distances
large compared to the correlation distance of V(E), the probability of find-
ing a large fluctuation in V over the entire volume of the wave-function
becomes small. The variance of Vs which appears in the denominator of (3.19),
is inversely proportional to the cube of the width of the function f when this
width becomes large, and the value of (3.19) becomes very large as the width
becomes large. On the other hand, if one attempts to make f(g) very narrow,
the kinetic energy 6 in the numerator becomes very large and (3.19) again
becomes large. (If the kinetic energy is proportional to kg, the numerator
of (3.19) is proportional to the inverse fourth power of the width of f, for

narrow £.) The perfect f is a compromise between these two extemes.
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The problem of minimizing (3.19) can be reduced to the solution
of a non-linear integral equation. Let us multiply the quantity E in (3.19)
by the normalization integral ff(§)2d§,in order to make the expression homo~
geneous in f. Expression (3.19) is then independent of the normslization of
f, and may be minimized by holding the denominator fixed at any constant
value, and varying f to minimize the numerator. Introducing a Lagrange

multiplier p, we find by the methods of variational calculus
Tex) - uix) [ 2D W - x') ax' = B £(x). (3.21)

This equation looks like the Hartree equation for a particle bound in its
own self-consistent field, with an interaction - p W(x - x'), the only dif-
ference being that in the present case we have specified E and consider u
as the eigenvalue to be found. Equation (3.21) can be solved on a computer

3

using the techniques developed by Hartree” for solving his self-consistent
equations. Essentially, one assumes a potential, solves the Schroedinger
equation for the wave-function of a particle in that potential, and then
uses this wave-function to guess a better shape for the self-consistent
potential. Hartree has found a number of tricks for making this process
converge rapidly.

An glternative procedure for minimizing (3%.19) is simply to intro-
duce a trial function with several parameters and to minimize with respect
to these parameters. If7 and W are sufficiently simple, the necessary
integrals can be done explicitly for a well chosen trial function, and a

minimization with respect to a small number of parameters may even be carried

out by hand.
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That a minimum value for (3.19) exists is pretty clear. We know
that (5.19) is always greater than zero and that it becomes large if’f is
either too spread out in space or too confined. It also becomes large if £
is not smoothe. It is very hard to imagine any situation other than that (5,19)
achieves its greatest-lower-bound for some well-behaved, smooth f.

The question of the uniqueness of the optimizing function f is
a more difficult one to answer. To be more specific, let us assume that U~
and W are spherically symmetric. There will then always be a. spherically
symmetric solution of the Hartree equation (3.21), because (3.21) is the same

equation which occurs if one wishes to find the spherically symmetric function

which minimizes (5.19). On the other hand, the Hartree equation is non~
linear, and we must worry about the possibility of a "ower” solution with

- "roken symmetry"”, i.e., a solution which is not rotationally invariant. If
the "lowest" solution is not rotationally invariant, then there is not one
optimum choice of f but a continuous family of solutions, obtained by arbi-
trary rotations of any one solution. (Actually, we already have one broken
symmetry: Equation (%3.21) is translationally invariant, but we know that the
best choice of £ must be lbcalized in space. The translational degeneracy

- of the solution has been removed by specifying that f(§) have its maximum
at x = 0.) Although it is difficult to see why a non-symmetric solution
would give a lower value for (3.19) than would a symmetric solution, we have
not been gble to disprove this possibility. If it should occur, that the
function f is infinitely degenerate, it is necessary to modify our basic
assumption that all wave-functions have the form f(x - §O) by including

parameters O, B, and y which describe the orientation of the function f.
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The best variational estimate to the energy of an eigenstate would then be
the value of E(§O; Q, B, 7) taken at a local minimum in all the parameters.
We may also mention, at this point, the modifications which occur
when the exciton coordinate is not treated as a continuous variable, but is
restricted to discrete lattice sites. The statement that VS(X) ls a local
minimum at y = % 1s to be interpreted to mean that VS(X) is smaller at X
than at any immediate neighbors. As T — 0, the number of points with
VR(Z).S E - 0 becomes very small. For any such point, the probability that
1t is a local minimum is then very close to 1. In this case, pf(E), the
approximation to the density of states, is simply the number of points per

unit volume and per unit energy, with Vs(y) ~E - 8. Thus we have
@) = 3§ (s[B - 0-V_(g)] (3.22)
f Q S A~ 4

where % is the number of lattice points per unit volume, and Y is an arbitrary

point on the lattice. For a linear system, the function pf is then given

simply by
2
N E-06
pf(E) = T T exp -*('2—)‘— . (3.23)
Q(2n)= T2 o 20 © T

If the function f varies slowly over adjacent lattice sites, however, so that
the correlation between'VS(y) at neighboring lattice sites is large, then

this condition, that almost every point with VS(Z) = E - 0@ be a local minimum,
is not reached until T becomes very small (or until E is very far in the low
energy tail). Thus there may be regions of interest where we are sufficiently
far in the low energy tail for our general philosophy to be valid [i.e., for
pl(E) to be a reasonable approximation to p(E)], but where pf(E) is not given

accurately by (3.22) or (3.23). It is then necessary to include the
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conditional probability that VS(Z) is a minimum at y = X In most cases
‘where this is necessary, it is probably adequate to treat the positions as
continuous variables and use the methods we have already described. The
most important factor in the density of states, the exponential factor of
(3.18) or (3.23) is the same in any case.

The trivial model of a flat exciton band is easily handled in the
present formalism. In this case, the kinetic energy operator Uis just a
constant Eo’ and @ is therefore equal to Eo for any choice of f. Maximiz~
ation of the exponential factor in the demsity of states gives a wave~function
which is localized at a single lattice site, independent of Eo' The density
of states pl(E), is given by Eq. (3.23) with o independent of E. The
function pl(E) is a simple Gaussian distribution, and happens to be exactly

equal to the true density of states o(E) for this model.

. Section 4. Application to One-Dimensional Model

In order to check our approximation method, we have applied it to
the model of a one-dimensional effective mass exciton in a white~-Gaussian-
noise potential. In Chapter II we showed that the spectral density and
total density of states can be calculated exactly for this model. It also
turns out that our approximate method is especially simple in this case:
all quantities of interest can be obtained analytically, without the need of
a computer.

The white-Gaussian—noisegpotential is characterized by Gaussian
statistics, with

(V) V(') =2Db(x-x'), (4.1)
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where D is a constant proportional to the temperatureT. The kinetic energy

operator U'is given by

T = % alax® (L.2)

The formulas of the preceding sections were given for a three~
dimensional modél and need to be modified slightly for the one-dimensional
case, in addition to the trivial substitution of one-dimensional for three-

dimensional variables. Equation (3.5) becomes, in the one-dimensional case,

av_ (y) J av_ (v)
pp(B) = <3[E -6-V (y)]o T s . (4.3)

dy

If the random potential obeys Gaussian statistics,  (4.3) becomes

c 2
1 (6 - E)
pa(B) = ——————= exp {— ——} , (4.h)
£ on 005 o 002

where 06 and @ are defined as before, but Gl is simply given by

fll

rof= (WrmP) - -1e0) . 4.5)

Note that the temperature dependence is slightly different in the one-
dimensional case than the three dimensional case. The function f, which
maximizes pf(E) in the low energy tail is that which maximizes the exponential
factor in (4.4); applying variational calculus leads to an equation identical
to Eq. (3.21). For the white-noise model, this equation takes the simple
form

- % (x) - b Ex)° = E £(x) . L.6)

With the conditions that f(x) be normalized to 1 and have its maximum at

x = 0, Eg. (4.6) has the solution
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fx) = qfé; sech Kk x , (%.7)
o= 2K 4.8)

where K is defined by
E - -3 (%.9)

In Appendix A we show that this solution is, in fact, unique, and we discuss
the procedure for evaluating the constants in (4.4) for this choice of f.

We find that
2 3
Lk 4« 1
o B) = 5 exp ('35—)'\—6 : (+.10)

In Chapter II, we showed that the exact asymptotic form of o(E),

as E »- », or as D -0, is given by

2 3
. Lk L Kk .
p(E) ~ = xP (_ %D ) : (k.11)

The agreement between pl and the exact asymptotic form of p is remarkably
good. The power of K in the exponent is correct, the factor 4/3 is exactly
correct, and the power of kK out in front of the exponential is correct.
The overall constant in pl is too small by a factor of 4/5; in the low
energy tail, where the density of states may change by many orders of
magnitude, this error is not very significant. Even this error may be
greatly reduced, however. If one includes the "average-higher-order-energy
correction™, described in the following section, the factor 1/1J§ in equa-
tion (4.10) is removed and replaced by the factor (0.921). Thus we can re-
produce the exact asymptotic form with an error of less than 8 per cent.

We may also compare the form for A(k, E) predicted by the approxim-
ate theory with the exact asymptotic form for the spectral density found in

Chapter ITI. It was shown that in the 1limit E — - «, with k/K remaining finite,
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or equivalently with k and E held fixed and D -0,

2

Ak, E) - 2 (g
@) 5x sech 2K) . (4.12)
A 2
Our approximate theory says that the ratio (4.12) should be [f(k)l If we
L
take the Fourier transform of (k/2)2 sech kK x, we indeed find
2 n2 2 (kx
[£(x)|° = 5 sech (ﬁ) . (4.13)

The good agreement between the results of our approximate theory
and the exact asymptotic forms of p(E) and A(k, E), for the white-Gaussian-
noise model, provides striking confirmation of the validity of the approxim-
ate theory in the low energy tail. One may still ask, however, where the
low energy tail begins; i.e., we must be sure that the exact functions p(E)
and A(k, E) achieve their asymptotic forms at energies high enough to make
the asymptotic forms useful.

In Figure 1, at the end of this chapter, we have compared the
exact value of p(E) with its asymptotic form, Eq. (4.11). The error in the
asymptotic form is found to be 27 per cent when E/Dg/5 = - 1, 6 per cent
when E/DE/5 = - 2, and ~ 3 per .cent when E/Dg/5 = - 3. The values of
o(E)/p(0) at these three points are .15, 3 x lO-u, and 7 x 10-8, respectively.
Thu;, over most of the range of interest, the error in the asymptotic form
is of the same order of magnitude as the discrepancy between the asymptotic
form and the approximate theory, when the average-higher-order-energy cor-
relation is included in the latter.

We have also made comparisons, at several points, between the

exact value of the ratio A(k, E)/o(E) and its asymptotic form, (4.12). The

results of these comparisons are shown in Figure 2.
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-Section 5. Average-Higher-Order-Energy Corrections

We now turn to a method for correcting some of the error introduced
by the use of a trial function, f(g - §o),,which hag fixed shape at a given
energy. The approximation pl(E) replaces the energy of each eigenstate Wi(§),
in the low energy tail, by the corresponding local minimum in E(§O)- Iir
the shape of the wave-function Wi(§) were exactly the shape of £, then the

- energy. Ei would be exactly the same as the value of‘E(fo) at the minimum.
Because no one shape is exact for all the wave-functions, Ei will general-
Sly-1lie belOWiE(§o). The effect of this can be partly included in our
calculations by correcting the energy,E(§O) by the average of the over-
estimate [E(§O) - Ei]. To put this another way, let S(E) be the condition-
al expectation value of [Ei - E(xo)], when it is known that E(xo) =& at
its local minimum. Then our improved approximation to the density of

states, "pg(EJ", is related to the old approximation pl(E) by

dE

d[E + S(E)] (5.1)

B + SE)] = vol(E)

We shall find that dS(E)/dE is small compared to 1 in the low energy tail,
and we shall accordingly replace the derivative in the right-hand side of
(5.1) by unity.

It should be noted that the approximation p2(E), though an im-
provement over pl(E), should still be lower than the true density of states
p(E), in the asymptotic limit. To see this, let p(E" - E!'|E') be the
conditional probability that an eigenstaté,yi,bassigngd by pé 1o ah ehergy
" E', (i.e., an eigenstate such that E(xo) + S[E(xo)] = E' at the local

minimum), really has energy,Ei = E". By definition of p and S, we have
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/p(E” - E'|E') aE" = 1 , (5.2)

/ (E" - E') p(E" - E*'|E') GE" = O. (5.3)
The true density of states is related to p2 by

p(E") = fp(E" - E'|E') p,(B') GE' . (5.4)

The integrand is presumably negligible except in a relatively small region

about E" - E'. this region, the function p(E" - E'|E') will be a

=
]

function primarily of the difference E" - E', with only slight additional
dependence on E'. If we assume p is a function only of E" - E', we can
make a Taylor expansion of pe(E’) in Eq. (5.4) and use (5.2) and (5.3)
to obtain

o) = 0@+ [ p(E" - B) [0,E) - (8 - B) o1 (")

- o, (B")] B (5.5)

If pe(E') 1s concave upwards in the region of integration, as it will be
1f the low energy tail is smooth, then the integrand of (5.5) is non-

negative, and hence

o@") > pyE") . (5-6)

-In order to find the approximation pg, we must compute the
average energy correction S(E). We do this by means of perturbation
theory. We restrict ourselves to the case that V(x) obeys Gaussian
statistics.

We take as our unperturbed Hamiltonian,

B o=T+V (x-y3) . (5.7)

e}
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In (5.7), Vg is the position of the local minimum in‘E(EO), and VO is

given by
vix-y) = %—(6—59-) F(x -y), (5.8)
where
R- ) =t g PGy - g e 5-9)

‘We are going to expand the energy Ei of the eigenstate Wi as a perﬁurb_
ation series in (V —‘VO). The reason for our choice of VO is that, as
will be shown below, the value of Vo(§ - Z) is the conditional expectation
value of the potential V(x), when it is known that VS(§O).has a local
winimum at x = y, with V_(y) = E - €. When T—=0, the fluctuations of
'V(§) about: its expectation vlaue will be small, and hence we expect per-
turbation theory to be valid.

It is convenient to assume in the following that the local
minimum Y is at the origin of the coordinate system. From Egs. (3.21)
and (5.11), we see that f(f) is an eigenfunction of the Hamiltonian Ho
with energy E:

H O f(x) = BEL(x) . (5.10)

It can also be shown that f is the ground state of HO- Let the remaining
eigenfunctions of H_ be denoted by @j(x), j=1, 2, ..., and let the cor-
responding energies be denoted by ej- The energies ej will form a con-
-tinuum for energies greater than Eo and may include one or more discrete
boundstates. The minimum energy ej will always be greater than the ground-
state energy E by a finite amount, which is auspicious for the use of

perturbation theory.
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The perturbation theory expansion for Ei may be written

E, = E +~[f(>~<) V(x) - v (x)] £(x) ax

+ff(§) Vx) - V_(x)] Gz, x') [V(x') - v (x')] £(x') dxax’

e, (5.11)
where (
Gl ') =)~ . (5-12)
J J

The function G(x, x') is related to the Green's function Go’ of the
Hamiltonian HO, by

fx) £(x')

G(x, x*) = 1im G (x, x'; B') - . (5.13)

E' 58 | ° E' - E

The function @(x, x!') may also be defined by the equation
E - H)GE, x') = 8(x-x')- f(x) £lx') . (5.14)

It is easily seen from the definition of Vo(z)’ that the first
order correction to Ei in equation (5.11) vanishes identically if VS(O)
= E - 0. Thus the lowest order contribution to S(E) comes from the second
order energy correction, i.e., the third term on the right-hand side of
(5.11).

It is convenient to introduce the symbol << ... >> to indicate
the conditional expectation value of a quantity, when it is known that
Vs(§o) has a local minimum at the origin, with VS(O) = E - 6. Thus, for
any variable £, we have

{& 8[E - 0 - vs(o)] 5[V V_(0)] det vis(o)>

K E> = (5.15)

{5[E - o - V_(0)] B[y V_(0)] det yyvs(o)>'
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Note that this differs from the conditional expectation value of §, given
- that V_ (0) = 0 and <7V (0) = 0, because the average in (5.15) is weighted
by the factor det gyvs(o). However, when T — 0, the fluctuations of
the determinant about its expected value become small, and hence to -
lowest order in T,. we may drop this weighting factor. We then have
(¢ 8[E - 6-V_(0)]3[gV, (0)])

L E S>> = . - (5.16)
{B[E - 0-V_(0)]8[wV (0)])

The quantity we wish to calculate, S(E), can be written
S(E) = <<Ei-E>> . (5.17)

. The contribution of the second order energy correction to this quantity

. may. be written

8,2(E) =ff(>~c)/a(:~<, x') f(x') <[V(>5) - Vo(§)][V(§') - VO(§‘)>><1§&§'
(5.18)
From (5.16). it follows by the usual manipulations of Gaussian statistics,

that
<V(x)V (0)>
<L V(x) > = == E-6) = V (x) , (5.19)
< [v_(0)] 0

which is a result mentioned earlier. The expression [V(x) - VO(§9]><

{V(x ) - V (x )] is thus the product of two Gaussian variables with mean

zero, and the expectation value of the product is given by

&) - v v E) - v (x'>1>> - W) vED)
_(v (x) v, O)><V’x"" ) ) El V(x)V, V,ONMV (') g, 7, (0))

(V07 & (Vg v (0017
(5.20)
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'The summation on & is taken over the three coordinate directions, and we
assume, as in section 3, that the axes have been chosen so as to eliminate

the correlations between the first derivatives of Vs. It follows. that

5,(E) = T/f(g) G(x, x') £(x') w(x, x') dxdx' , (5.21)
where
Fx) F(x') 2V, PN, Flx')]
wig, ') = Wx-x') - ——s5— - 5
% o=1 21

(5.22)
Note that we may write-Se(E) =T C(E), where C(E) is independent of the
temperature. It may easily be seen that the contributions to S(E) from
third and higher order perturbation theory are of order T2 and above, so
that equations (5.21) and (5.22) give S(E) exactly to order T.

If we assume S(E) is small, then we may neglect the difference
between E and E + S(E), except in the exponential factor of the density

~of states. In this case we may write

g, o, 0, (8 - E)5 2
o,@) ~ 22 % exp{_ [6 - E + S(8)] }

(21:)2 007 2 2

2T o
~ 0y (B) exp {(E - 9) C(E):' . (5.23)

o
2
g
o
In (5.23), we may evaluate O, 0., etc., using the choice of f which
maximizes pf(E), rather than prE - 8(E)]. This is permissible even in
the exponent because the exponent is stationary with respect to small

R . 2
variations in f. Note that if we had kept terms of order T or higher

in S(E), they would make no fractional change in DE(E)’ in the limit T —O0.
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‘We emphasize, however, that the fluctuations of [E(go) - Ei] about - its
average value S(E) can cause a percentage change in the density of states
which does not vanish as T — 0. Thus we do not expect p2(E)/p(E) to be
-exactly 1, even in the asymptotic limit.

There are some models to which we would like to apply the theory
we have developed, for which the assumption that S(E) is small is not

valid for any reasonable T. For example, the three-dimensional model
which is the equivalent of the white-Gaussian-noise model in one-dimension
gives a divergent second order energy shift due to short wavelength phonons,
unless the fluctuations are cut off below a certain wavelength. The second

order shift due to large wave-vector fluctuations is independent of the

energy E, however, and we can therefore write

S(E) = T[CO + c(E)] (5.24)

’

vhere |T c(BE)| may be assumed small compared to (6 - E) for the region of

interest. In this case, it is most convenient to write pzfin the form

(E + T Co) ~ p]_(E) exp [(E - 92) C(E)}

g
o]

Po (5.25)

The term T Co has the effect of shifting the bottom of the exciton band
as a. whole.

In order to find the energy correction S(E) it is necessary to
£ind the modified Green's function 8(5, §'), and then evaluate the inte-
grals in. (5.21). In the general case this may be a formidable task. If
the model is spherically symmetric, however, the functions a and w can
be analyzed in terms of spherical harmonics, and the evaluation becoumes

guite feasible with a digital computer. In the case of the one-dimensional
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white-Gaussian~-noise model, the function G and all of the integrals may
‘be evaluated analytically, and one finds
S(E) = -=% D« . (5.26)

.. The result for pe(E) is

0, (B) = o (B) exp(13/18)

) K=

)
LA ¥y

~~
\J1
Mo
sl
S

= (0.921)

D

X
TN

1
W
tj‘lk
N
—t

Details of the one-dimensional calculation are outlined in Appendix A.

Section 6. Higher order Corrections to the Spectral Density

The effect of having an improved estimate of the density of
states is immediately reflected in our estimate of the spectral density,
when we use formula (2.1):

A, B) = [£()|% o(®) .

However, there are other effects which modify formula (2.1) itself. One
obvious correction occurs when the self-energy correction is large, as
in (5.24). 1In that case, to find the spectral density at energy E, one
must use in Eq. (2.1) not the function f chosen to maximize pf(E) but
rather the function f chosen to maximize pf(E -7 CO). This correction
is consistent with the point of view that the principal effect of the
large second order energy is to shift the band as a whole. In other
words, the shape f, which we assigned to wave-functions at energy E in
the original theory, really is appropriate for wave-functions with

energy B + T‘Co'
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There 1s another correction that may be applied to A(g,/E),
which is of importance, primarily, when k is large. This may be illus~
-trated with the case of the one-dimensional white-noise model. The
function f (k) decreases exponentially fast for k — « , so that on the
basis of Eq. (2.1), we would predict an exponential decay for A(k, E)
for large k. It is known, however, that coupling to very short wave~
length fluctuations may be removed to lowest order in the coupling by
a canonical transformation which, in effect, mixes in a certain amount
of the high~-wavenumber exciton states, with each of the low-wavenumber
states. The effect of this is to guarantee that at any fixed E and D,

for sufficiently large k,

Ak, E) = 2D k_h o(E) . (6.1)

(Eq. (6.1) was also verified by the exact methods of Chapter II.) Thus,
even when E is in the low energy tail, and p(E) is accurately given by
its asymptotic form, Eq. (2.1) may be inadequate if k is very large.

A formal method of including the short wavelength modifications
of the spectral density is to approximate the wave-function Wi(g) by a
wave~-funetion which includes the first-order correction in the perturba-

tion. [V(x) - VO(E)}‘ We use
Wi(X) R fl(§) = f(g)/+\/?a(§, x') £(x') [V(x') - VO(E')] dx' . (6.2)

The expectation value of the absolute square of the gﬁh Pourier component

of the wave-function at energy E is then approximated by the conditional

~expectation value << |fl(1£)]2 >> . If we use definition (5.16) for the

expectation value K ... >>, we are led to the result
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Ak, E) - 1
= ~ ff(k)l2 + T elE.(%-g ) a(x, x") a(x', xt")
p(E) ~ X X X, X

X f(}sﬂ) f(}é'") W('}’S") §y!l) d% d—?&' d-'%" d-%," . (6.5)

It can be shown that in the one-dimensional white-Gaussian-noise model,
Eq. (6.3) leads to Eq. (6.1) when k is sufficiently large. No calcul-
ations have been made, however, using formula (6.3) for intermediate values

of k. It should be mentioned that there are other corrections to the ratio
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tion (6.3). Although these corrections are negligible compared to the
terms kept in (6.3) when k is either very large or very small, they may

~be of importance in intermediate regions.

Section 7. Three-Dimensional White-Noise Model

Let us now consider the three-dimensional anslog of the white-~

Gaussian-noise potential model. We assume a kinetic energy of the form

2
7 = 'gr‘n'_)_e » (7'1)

and a potential V(z) which obeys Gaussian statistics, with
<VE) V(') > = $Ds(x-x') (7.2)

where D is a constant proportional to the temperature. The white-noise
model is appropriate for a non-degenerate exciton band when the wave-
functions of interest vary slowly compared to the lattice spacing, and
when the random botential, arising from either a local deformation potent-

ial or from optical phonon modes, has a correlation distance of the order
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of one lattice constant. This model has been studied by Toyozawa,LL by
means of the perturbation techniques mentioned in Chapter 1. As we
mentioned in section 5 of the present chapter, it is necessary to intro-
duce a cutoff, either in the exciton states or in the potential fluctua~
tions at short wavelengths, in order to prevent a divergence of the
second-~order self energy. The only quantity which depends on the choice

of cutoff is the uniform second order shift, T Co° The first order density
of states pl(E) does not diverge as the cutoff wave-vector becomes infinite,
and hence will be independent of the cutoff, if the cutoff is sufficiently
“high. Thus (in general units), pl(E) can be a function only of the four
parameters E, m*, 4, and D. The only dimensionless ratio which can be
formed from these parameters is E/(m*5/D2*ﬁ-6). [Note that D has dimen-
sions (energy)2 (1ength)5 in the three-dimensional model.] The density of
states has dimensions (energy x volume)-l. If the approximation Py is to

have the temperature dependence required by Eq. (3.20), it must have the

form

ar>  [e]7? exp(_mé lE[l/2> , (.3

o, ®) - 257 Bl

1 s ‘DE m*5/2 D
where A and B aré constants. Alternatively, one can obtain form (7.3) by
noting that the function f, being independent of D, must have a shape which
is independent of E except for an overall scaling length % (m* E)~l/2. If

the higher order correctioné are introduced according to Eq. (5.25), we

have

R Nk exp(_BTP ]E-TColl/e)’

o, (E) =
2 m*5/2 Dz m*afe D

(7.4)
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where A' is a constant different from A. The spectral density, in the low

energy tail, should be given by

Ak, E) = p(E) K-5 X{?unction of (k/K)] 5 (7.5)

where

Kk = &7t [em*(E - T Co)]"l/e . (7.6)

Section 8. Non-Linear Systems

For a model which does not have a harmonic lattice and linear
exciton-phonon coupling, and where V(§) therefore does not obey Gaussian
statistics, the calculation of the approximation pl(E) or the improved
approximation pg(E) becomes more difficult. Nonetheless, calculations
are possible with the use of a high-speed computer. There is also a
great deal one can say sbout the low energy téil, on the basis of our
theory, without making any difficult calculations. We shall discuss
primarily the case of a discrete lattice.

The function pf(E) is given, as in the Gaussian case, by the
number of local minima in E(§o> per unit volume and unit energy, such
that at the minima, E(zo) = E. As in the Gaussian case, pf(E) is equal
to the probability that VS(X) =E - 0, at any given lattice point Y
multiplied by the conditional probability that VS is a local minimum at
such a point, and multiplied by the number of lattice points per unit
volume. Again, as in the Gaussian case, the behavior of the density of
states in the low energy tail is dominated by the behavior of the first

factor, the probability that Vs(x) = E - 0. The second factor, the
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conditional probability that Vs is a local minimum, will generally be
a relatively slowly varying function of E, T, and the wave-function f.
In fact, we saw that in a discrete lattice this second factor will often

be very close to 1. The probability distribution of VS(X) is given by

p(0) = fenvaQv®;1&k~vayndg (8.1)

where, as in Eq. (1.h4),
'z = [expl- UQ)/T] Q@ (8.2)

and the symbol Q represents the configuration of the entire lattice.
We are interested in Pe when A = E - 6.

For any fixed f, there will usually be one lattice configur-
ation, Qo(f, E), which has the minimum lattice energy U of all the con~-
figurations satisfying VS(X) =E - @, We call the correspording minimum
lattice energy Uo(f, E). If T is sufficiently small, all the contribution
to the integral in the numerator of (8.1) will come from @ close to Qo(f,/E),
with U(Q) close to Uo(f,fE). The contributions to the denominator will .
come from Q close to the equilibrium position, with U(Q) close to zerc.

It is clear that the dominant factor in pf(h) will be the ratio of the
value of exp[- U(Q)/kBT] for the important configurations in the numerator
to the corresponding value in the denominator; i.e., the dominant factor

will be exp[- Uo(f,.E)/kBT]. Thus we claim that
p.(E - 0) = C(& £, T)exp[- U(£, E)/igT] ,  (8:3)

where the factor C(E, £, T) is relatively slowly varying in the range of
interest. In Appendix B, we discuss this point more carefully, and show

1
that in the limit T -0, C(E, f, T) has the form C(E, £)T ° .
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In order to get the best approximation to the density of states,
we must pick f so as to maximize Pf(E - 6). Since the most important
factor in Pp is the exponential factor, it is a good approximation to
choose f to minimize the quantity Uo(f, E). We call the minimum value
of the lattice potential so obtained U, (E). The choice of f, and the
value of Ub(E) are independent of the temperature T. Thus we find that

the density of states Py has the form
ey (B) = B(E, T) expl- U_(B)/k;T] (8.4)

where UO is a function only of E, and B(E, T) is a slowly varying funetion
of E and T. This result is quite general. It applies to an exciton band
of arbitrary band structure and degeneracy, with an arbitrary lattice
Hamiltonian and arbitrary exciton-phonon interactions. (We have assumed,
of course, that the nuclei are infinitely massive, and that E is suffi-
ciently far in the low energy tail.) We may note that the function UO(E)
will be a monotonically increasing function of ]E - EO]-

It is convenient to exhibit explicitly the dependence of V(§>
and VS(Z) on the lattice configuration Q, by writing VQ(z) and VS(Z’ Q).
In order to find UO(E), we have to find the trial function £, and lattice
configuration QO such that U(QO).is a minimum while VS(Z’Q) =F - 0.
Alternatively, one could find f and Qo by requiring the variational energy
[6 + Vs(z, Q)] to be a minimum, while U(Q) is held fixed, because Ub(E).is
a monotonic function of E, for E < EO. It follows that f must be the

ground state wave-function of the Hamiltonian [T + V. (x)], and that
o'~

Q

{'J"+VQ ) flx-y) = BEfx-y) . (8.5)
O
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‘The average-higher-order-energy correction to the density of
states can be calculated in much the same fashion in the non-linear
system as for a Gaussian random potential. One uses, as an 'unperturbed
Hamiltonian", the operator HO==SV+-VQO(§), and expands the energy,Ei in
the perturbation [V(x) - VQO(§)}. The lowest order contribution to the
average energy shift, S(E), again comes from second order perturbation
theory. It is again given by equation (5.18). The conditional expect-
ation value << [V(x) - V

(x)][V(x') - V., (x')] > is in general more
= . o'~

Qo Q
difficult to calculate than in the Gaussian case. When T is small,. however,
all the contribution. to the expectation value comes from Q close to Qo° It
one expands U(Q) and VQ(§),in powers of (Q - QO), and throws away all terms
higher than the quadratic, one can then apply the methods of Gaussian
.statistics ot the problem. Thus the lowest order energy correction can
‘be computed as before. The form of the correction, as in the Gaussian case,
is

S(E) = TC(E), (8.6)
~where C(E) is independent of temperature. If T is sufficiently small, this
will result in a correction factor to the density of states which is inde-
pendeﬁt of T and slowly varying in:E. As was remarked in section 5 and

section 7, there are interesting cases in the low energy tail where T C(E)

is not small compared to ]E - 9}, but where one can write
CE) = C_ + c(E) , (8.7)

-with ]T c(E)[,<< 6 - E. In this case, the term T CO results in a temper-

ature~-dependent shift of the band edge as a whole, and we should write

p,(B) = B'(E, T) exp [- U (E- T CO)/kBT] , (8.8)
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where B'(E, T) is a relatively slowly varying function of E and T.

Some of the effects of non-Gaussian statistics should be treated
on the same footing as the average-second-order-energy correction. As
seen in Appendix B, the non-Gaussian statistics makes a contribution to
B'(E, T) which is a constant factor independent of T, when T is suffi-
ciently small. In some cases df physical interest, where T is not. suf~
ficiently small, it may be better to include some of the effects of the
T C . The

B 6w

non-Gaussian statistics in the uniform second order energy shift o

ehergy shift due to thermal lattice expansion of an anharmonic crystal is

one term which may contribute significantly to T CO. In a crystal with

nuclei of infinite mass, the lattice expansion is linear in temperature

for small temperatures. If one assumes a simple linear deformation potent-

ial, a linear lattice expansion will produce a shift of the band edge which

is also linear in temperature. Similarly, a crystal with harmonic phonons but

a deformation potential which is non-linear in the phonon amplitudes will have a

corresponding overall energy shift which is linear in temperature for small T.
In order to compute the optical absorption for particular crystal,

we must compute the functions and constants found in Eq. (8.8). At the

present time, the exciton band structure and lattice elastic conétants are

not known very precisely for any real crystal. The linear phonon-exciton

coupling constants are known, if at all, only in the long-wavelength limit,

and the anharmonic elastic constants and non-linear phonon~exciton coupling

constants are completely unknown. A possible procedure for calculating

these parameters, for a real crystal, was outlined in Chapter I; although

the difficulties of such a calculation are formidable, it is reasonable to

hope for substantial progress on these problems, and the necessary parameters
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may become available at some time in the not too distant future. I believe
that if the parameters become available, it will be quite feasible to carry
_out the calculation of spectral density, using Eq. (8.8) and (2.1), even
for rather complicated band structure and random potentials. Upper bounds
to the function UO(E) can be readily obtained by picking various trial
functions f and lattice configurations Q, and calculating the values of U(Q)
and [0 + VS(Z"Q)]' With an intelligent search procedure, a digital com-
puter can probably come very close to the function UO(E) arnd to the optimiz-
ing wave-functions and configurations, f and QO, in.a reasonable amount of
time. Once these are known, the function B'(E, T) can be computed to a
reasonable degree of accuracy, using the mathematical techniques of Appen~
dix B and the average-second-order-energy correction procedure outlined
above.

A few observations may be made here about a question we have
largely avoided in the past, namely, "How far must we go in the low energy
~tail before the methods we have described are valid?" It is certainly not
possible to give a general quantitative answer to this question at the
present time. The crucial condition. for validity of the various assump-
tions we have made appears to be that the behavior of the density of states
be dominated by the rapid variation of the exponential factor in Eq. (8.8).
We expect this to occur when the argument of the exponential is large

compared to 1,
UO(E - T CO)/kBT > 1. (8.9)
-For a linear system this may be written

(E-6-T 00)2/2T 002 > 1. (8.10)
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If there is no large second-order-energy shift of the band edge as a
vhole, then the term T CO will be absent from (8.9) and (8.10). In our
one-dimensional calculation, we find that the theory makes sense when. the
left~hand side of (8.10) or (8.9) is roughly equal to, or greater than, k.
It is tempting to use this as a criterion in a general system -- i.e., we
weuld hope that cur theory is generally valid when the left-hand side of

(8.9) or (8.10) is > L,
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APPENDIX A

Evaluation of Formulas in the One-Dimensional Model

Bquation (4.6) for f(x) may be written

2
1 ,
PG L) - C K e (A1)
2 2
-Multiplying by f!(x) and integrating, we have
[t (x,)]2 = i f(x)2 - W ft’(x)LF + const. (a2)

. Since f'(x) = f(x) = O when x = », the constant in (A2) must equal zero.
We have chosen our origin so that f£(0) is a maximum and hence, £'(0) = O.

Equation (A2) thus implies

—‘%ﬁ - 1. (a3)
If we define
ulx) = £t x)/c0) (a4 )
then we have u(0) = 1, and
ut (x) = - [u(X)2 - u(X)u]_ZI_ for x >0 . (a5)

The sign of (A5) is fixed by noting that u(x) is a maximum at x = 0. From

(A5) it follows that for x > 0,

s 1 -
X =/ ——9115—1 = tanh—l[(l - u2)2] = sech L U.
u vl - v )e a6)

Similar procedures may be used for x < 0, and we find that for all x,

u(x) = sech x . (A7)
The normalization of f(x) requires that

f(x) = ,\g sech K x (a48)
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(A9)

Moo= 2 K. (A10)
The normelization integral, and most other integrals involving

f(x), can be Performed by changing the variable of integration from x to

e—EKX. We also use the fact that d sech x/dx = - sech x tanh x. We find:
<Vs(;Y)2> = gj_: fb'(x) dx
= % K, (A11)
<V % - 3 [ fatr /e ? ax
-5, (a12)
6 = %jw f'(x')2 dx = %KE (a13)

The Fourier transform of f(x) is included by a different method.
In the integral

£(k) =/ e pyy ax (a1k)

we can close the contour of integration in the upper or lower half-plane
according to the sign of k. Poles of f(x) occur when x = in K—l(n + %),
where n is any integer. The residues of the integrand at these poles
form a geometric series which may be easily summed, giving

1
f(k) = n(2k) 2 sech (kn/2k) . (A15)

Equations (5.21) and (5.22) for the average~second-order-energy

correction, SQ(E), may be written
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SQ(E) = g[w_/:w £(x) G(x, x') £f(x) w(x, x') dx ax' ) (A16)

- where

3 K sech2 KX sech2 Kx!

w(x, x') = d(x - x') -

. 12 K sech® kx tanh Kx sech® Kx' tanh Kx' . (AL7)

The function G is defined by equation (5.14), which may be written
e 2
Y K 2 A
(- —+ld—-+ K2 sech KX) G(x, x') = B(x - x')
2 2 dX2

sech Kx sech Kx', (A18)

1
nlx

Tt may be easily verified that solution to Eq. (A18) is given by

-1
K “2Kx?
a(x, x!') = — sech Kx sech kx' [kx' - Kx - % egKX - :_EL e aKx ]
for x' > x
Kt 1 2kx' 1 _~2Kx
= —— sech Kx sech Kx' [Kkx - kx' - S e - =e ]
2 2 2
for x > x' . (A19)

A11 the integrals in Equation (A16) may be evaluated using the methods
mentioned above. After many pages of straightforward computation, we

obtain the simple result quoted in Eq. (5.26):

S(E) = - —17—2 p kL, (A20)

Equation (5.27) for p2~(E;) is then obtained by using Eq. (5.23).
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APPENDIX B

Calculations for a Non-Linear System

We wish to find the function pf(K), given by Egs. (8.1) and
(8.2). The value of VS(X) will depend only very slightly on the position
of nuclei very far from the point V) and the integration over the corre-
sponding lattice coordinates will essentially make the same proportional
contribution to the numerator and denominator of Eq. (8.1). It is thus
a good approximation to assume the integrations in (8.1) and (8.2) to be
integrations over a finite number of nuclear coordinates.

The major contribution to the partition function Z comes from Q
in the vieinity of the equilibrium configuration. Let us designate the
configuration Q by the n coordinates a; > (1 =1, ..., n) with a; = 0 at
equilibrium. We may expand the lattice potential energy U(Q) as

™
Uu@Q) = AEJUij q a4y + zg: Uijk Ay G5 Yo toeee (B1)
iJ ijk
The matrices Uij’ Uijk’ etc., are defined to be symmetric in their indices.
- If the temperature T is sufficiently small, we may keep only the quadratic
terms in (Bl), and the integrand of (8.2) is simply a Gaussian. The stabi-
1lity of the lattice implies that the matrix Uij is positive definite.

Equation (8.2) becomes

N[~

z = (x kBT)%n (aet.uij)' (B2)

The major contribution to the integral in the numerator of (8.1) comes from

configurations in the vicinity of Qo(f, E). If we expand U(Q) and VS<XJ Q)
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for Q N’Q‘o’ we have

v@) = u@) +Z W, 6 +Z‘Wij 5,80, , ()
1 15

V.5, @) = V(v @) +Zvi 8a, +Zvi3 ba, ba, , (B4)
i i
where Sqi is the deviation of g, from its value attQO. In (B3) and (BY4)
we have thrown away all terms higher than quadratic in Q - QO; this is a
permissible approximation when T is sufficiently small. Note that in an
anharmonic lattice the coefficients Wij will not be the same as the coef-
ficients Uij of Eq. (B2).

By the definition of Q,O, we must have vs(z, Qo) =E - 8. The
potential energy U(Q) is a minimum at Q = QO, if Q is restricted to the
surface where VS =E --60. According to the method of Lagrange multipliers,
this implies that the vector Wi is simply proportional to Vi. We can there-
fore choose the coordinate system in such a manner that Wi = Vi =0, for

all i > 2, while W and. Vl are nonzero. We shall assume, for convenience

1
that this choiece of coordinate system has been made.
The integrand in the numerator of (8.1) vanishes except on the

surface where V, = E - 6. On this surface, we find, according to (BL):

1o
da, ¥ - Vg V;40a; 8y - (85)
i,j=2
If we substitute (B5) into (B3), we find
n
U@) = )M oq; B+ UEQ,) (86)

i, j=2
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where Mij is an (n - 1) dimensional matrix defined by

Mij = wiJ_ - (Wl/Vl) Vij, (for i, §j =2, ..., n) (BT)

In (B5) and (B6) we have dropped terms higher than quadratic in.8gq. Because
U(Q) is a minimum at Q. Mij is positive definite.
The numerator of (8.1) may be written as

~

oq
Jexp[- U@Q)/1,T] 8[E - 6 - V_(y, )] J‘g,il av_dg, ... dg_ . (B8)
) P+ 'S o = il

If we approximate Iéql/avsl by [l/Vll, its value at QO, then we may use

Eq. (B6) to put (B8) in the form
7] g Gaon )72 el - 0@ Mg (®9)

Thus we find

p.(E -6) = C(g 1) T2 exp[- U(Q_)/;T] (B10)

where C(E, £) is independent of T and is given by

7

C(E, f) = lé—l] € kB)-% [det Uij/det Mij]% (B11)

-According to our earlier discussion, we expect that the
calculated value of C(E, f) will be independent of the number n of co-
ordinates used in the calculation, provided n is sufficiently large.

A rigorous study of the convergence of (B10), as n — », has not been
. attempted.

If we compare Eq. (B10) with the known result for pf(h),in the
case of Gaussian statistics, we see that for a linear system,U(Qo),=
1

3 Ky (B - G)E/G(O) and C(E, f),=(2n)'%'G(O)'%.
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-If the function f is sufficiently peaked at a single lattice
site, then the density of states pf(E).is equal to N/Q times pf(E - 6).
Since the function f is chosen independent of the temperature, accord-
ing to the remarks following Eq. (8.3), we see that the density of

states pl(E) has the form

o (B) = B(E) T2 expl- U (B)/,T], ®B12)

This 1is exactly the same form as was found in the Gaussian case, for a
discrete lattice at. low enough temperatures. [Cf. Eg. (3.23).] Thus
the only effect of the non-Gaussian statistics is to change the functions
'Uo and B. |

When the temperature is sufficiently high the expansions (Bl),
(B3) and (B4) cannot be cut off after the gquadratic terms. The coeffi-
cients C(E, ) and B(E) in (B10) and (B12), respectively, are no longer
independent of T, and are considerably harder to compute. As long as E
is far enough in the low energy tail, however, these factors will be much
more slowly varying than the exponential factors in (B10) and (B12).

The effect of a small average-higher-order-energy correction is
to change the value of E in the argument of the exponential factor in
(B12) by the amount - S(E). If the energy correction S(E) is equal to

T C(E), where C(E) is independent of the temperature, then we find
= H
o, (B) = o) (B) exp[C(E) U ' (E)/i;] (B13)

where Uo' is the derivative of Ug. As in the Gaussian case, and Py

P

differ by a factor independent of the temperature.
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FIGURE CAPTIONS

Density of states for one-dimensional white-noise model:
2
Comparison of p(E) and its asymptotic form (4 /™) X
1
exp(- 4K5/5D), where K = |2E|2. Energy is measured in units

D2/5, the density of states in units of (eofb)-l = D-l/B.

of € =
Momentum dependence of spectral density for one-dimensional

white~-noise model, at energy E = - DE/B: Comparison of A(k, E)
and its asymptotic form If(k)l2 p(E), where If(k)l2 = (n2/2K))<

sechz(nk/EK). Momentum k is measured in units of{%—l = D:L/3
-1 D-z/a.

2

spectral density in units of €
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CHAPTER IV

LOW ENERGY TAIL -- COMPARISON OF THEORY AND EXPERIMENT

Section 1. Urbacht!s Rule

Experimental studies of the low energy tail of the fundamental

absorption edge in a wide variety of non-metallic crystals have led to the

: - = ] o b - Mm-S = .
formulation of a very simple empiricasl law. This law

1,2

> P
rule, states that the optical absorption, at frequency w, in the low

energy tail, is given by
alw) = A expl - G(mo - w)/kBT] y (1.1)

where AO, g, and W, are constants of the material, independent of temperature.
In the range of energies and temperatures over which Urbach's rule has been
observed, @ - ® is much smaller than @, while a(w) varies over several
orders of magnitude. The variation in the real part of the index of refrac-
tion is sufficiently small over the region of interest so that the behavior
of a{w) is almost entirely due to the variation in the imaginary part of the
dielectric constant, or equivalently, of the response function A.

The energy ab corresponds roughly to the position of the lowest
optical absorption peak at zero temperature, in direct band gap solids, and
appears to correspond to the indirect absorption edge in indirect solids.
Thus mb corresponds roughly to the energy EO of the lowest lying exciton
state in the perfect lattice. In most crystals, the optical absorption edge
(i.e., the point where the optical absorption begins to decrease rapidly with

further decrease in energy) shifts linearly with temperature towards lower



- 137 -

energies. Note that (1.1) may be written
_ t _
alw) = AO explo(w @ +vT)/kBT] s (1.2)

where ~ T is the shift of the band edge and AO' EEAO exp (- GL/EB). The
low energy tail begins, roughly, when the exponent of (1.2) becomes much
smaller than -1; the constant AO' is of the order of magnitude of the ab-
sorption in the region above the band edge. The form (1.2) has the dis~
advantage that the choice of v and AO' is not comple?ely unambiguous. On
the other hand, it is somewhat more transparent than (1.1) in that it ex~
hibits explicitly the observed shift of the absorption edge as well as the
change in shape of the edge. 1In some cases 7 is sufficiently small so that
it is better to omit it.

According to Urbach's rule, the optical absorption in the low
energy tail, when plotted on a semilogarithmic scale, forms a straight line
whose slope is c/kBT. "The straight lines for various temperatures, if extra-
polated, intersect at energy w, In many of the materials, it has been found
that as the temperature approaches absolute zero, the line does not become
infinitely steep, but becomes independent of the temperature below a certain
. temperature TO. The quantity T, in Urbach's rule, should be replaced by an
effective temperature, Teff’ which is equal to T, for T >> To, and is equal
to To’ for T TO. This deviation from the simple temperature dependence
of (1.1) and (1.2) is almost certainly due to nonzero phonon energies, and
we shall ignore it for the moment.

The form of Eq. (1.1) or (1.2) is in agreement with the temperature
dependence predicted by the theory of the previous chapter. According to

Eq. (8.8) of Chapter III, the optical absorption should have the form
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alw) = o exp[- U (- C, ‘I’)/kBT] , (1.3)

where ao is a relatively slowly varying function of o and T. However,
there was nothing in the theory to suggest that the form of UOQD) should
be a straight line. Indeed, the two simplest models applicable to a
three-dimensional crystal, the model of zero exciton band-width,and the
white-noise model, with infinite exciton band width, have Uo@b) propor-
~tional to (ah - w)2 a%d (ab - w)%' respectively. Yet the remarkable
experimental fact is that for a wide variety of crystals, ranging from
semiconductors to insulators, the logarithm of G, in the low energy tail,
is linear in w to a very high degree of accuracy. A list of the experi-
mental confirmations of Urbach's rule, according to Toyozawa,2 is given
in Table 1. Some of the ranges of observation given in Toyozawa's table
appear to be based on extrapolations, rather than purely on experimental
data, but to quibble about these ranges would not do justice to the es-
sential experimental fact: in most of the regions where Urbach's rule has
been observed, a semilogarithmic plot of a(w) appears to be ruler-straight.
According to the theory of the Previous chapter, the furnction
UOGD) depends sensitively on the structure of the exciton bands, phonon
elastic constants, and exciton-lattice interactions. The large number of
different materials in which Urbach's rule has been observed inevitably
suggests, however, that there should be some simple explanation. Toyozawa
has attempted to give such an ex_planation.e’5 He assumes that the exciton
band has zero width, so that the exciton may be treated as localized at a
single lattice site. He also assumes that the exciton-lattice interaction

is proportional to the square of a local deformation at each lattice site.
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Since the deformation at each site has a Gaussian distribution, the
potential seen by-a localized exciton will have a distribution appropriate
to the square of a Gaussian variable. Except for a slowly varying factor,
this will be an exponential with "steepness" inversely proportional to the
temperature. [This model is a special case of the theory of Chapter III,
so the temperature dependence of the exponential factor is auvtomatically
‘given by Eg. (1.5).] The exponential tail of the distribution will lie on
the low energy side, provided that the coefficient of the deformation
potential is negative.

Toyozawa's theory has two major weaknesses. The first is the
neglect of the exciton band width. The exciton eigenstates will be local~
ized at a single lattice site only if the kinetic energy which arises from
localization at a single site is small compared to the potential energy
fluctuation needed to give a state with enmergy w. This occurs when ]m - wol
is large compared to the band width. -Since exciton band widths are general-
ly of the order of 1 eV or more, this situation does not seem to apply in
most of the cases where Urbach's rule has been observed. Toyozawa has at-
teﬁpted to extend his theory to the case of a non-negligible band Width,2
but his arguments on this point seem quite unconvincing. A possible Justi-
fication for neglect of band width can be made, however. In most of the
materials considered, the exciton bands are degenerate at k = 0, and one
or more of these bands may be extremely flat. If the flat band is the
lowest band in most of the Brillouin zone, and if the flat band ccuples
sufficiently strongly tc the phonons, we would expect eigenstates in the

low energy tail to consist primarily of excitons from the flat band, and
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neglect of the other bands may be justified. Some support to the assumption
of a localized exciton is lent by the fact that Urbach tails have been ob-
served in localized absorption due to Br and I impurities in KCZL'.)‘L’5

The second objection to Toyozawa'ls work is the use of & quadratic
exciton~-phonon interaction. Toyozawa considers the various possible modes
of lattice distortion about a localized exciton, and shows, by symmetry
considerations, that there will generally be some modes of distortion which

can only interact with th
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tude, and hence, in lowest approximation, by a quadratic interaction. How-
ever, there will always be some modes which have a linear interaction with
the exciton, and in general, we would not expect the linear coupling
constants to be small. If one mode has a quadratic interaction while the
remaining modes have a linear interaction, the quadratic mode will de-
termine the behavior for low enough energies, (large phonon displacements ).
The exponential portion of the tail will not begin, however, until the
quadratic term becomes more important than the linear term. (At low
temperatures the exponential portion will begin when the lattice energy
U(Q) necessary to produce a deformation potential (w - wb) through the
linear mode becomes more than half as great as the lattice energy neces-
sary to produce the same energy shift by the quadratic mode.) In the
absence of strong reasons to the contrary, it is natural to assume that
whenever quadratic terms are more important than linear terms, gquartic

and higher order terms will alsoc not be negligible. If quartic terms

must be added to the quadratic mode, Urbach's rule will no longer be
obeyed. Toyozawa's explanation requires that quadratic terms be larger

than linear terms, and much larger than quartic terms, over a large
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region of energy, and in a wide variety of materials. Unless some general

reason for such an effect can be found, this would seem almost as much of

a remarkable coincidence as the linearity of UO(E) which it seeks to explain.
If a convincing simple explanation for the linearity of Ub(E)

is not found, a full computation of UO(E) for each crystal may be neces-

sary. Such a calculation would require knowledge of the exciton band

structure, elastic constants and exciton-phonon coupling, which is not

yet available. Before declaring the solution of the low energy tail to

have been reduced to a matter of computation, however, it is certainly

necessary to make a thorough investigation of the weaknesses of the

theory of Chapter III, to be sure that the theory is applicable at all.

Section 2. Effects of Finite Phonon Energies

The most obvious weakness in the theory of Chapter IIT, in its
application to real crystals, is its assumption of‘infinitely massive
nuclei. The simplest effect of finite nuclear mass is that, because of
the zero-point lattice motion, the lattice fluctuations do not go to zero
as T - 0. The probability distribution of the instantaneocus displacemenﬂ
of a phonon mode of frequencycgp is a Gaussian distribution with variance

proportional to an effective temperature defined by

[4V)
. P
kK Toep = 3 @y coth BT . (2.1)

The effective temperature is equal to T, when T >>'%<Dp, and is equal o

% ® when T <<A£ w .
2'p 2°p
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A semiclassical approximation consists in treating the phonons
as static fluctuations, with the same probability distribution as the
distribution of the instantaneous values of the fluctustions in the
Quantum mechanical crystal. If all the contribution to the low energy
tail comes from phonons of approximately the same frequency, then the
semiclassical approximation simply substitutes Teff for T throughout

Chapter ITI. The optical absorption then has the form
aw) = o exp[UO(w)/kBTeff] . (2.2)

In addition there may be a temperature dependent average-second-order-
energy shift of the band edge, which may or may not be due to phonons of
this same frequency, and which therefore may or may not be proportional

to the same effective temperature Tef The semiclassical theory provides

.
a natural explanation for the observed deviations from the simple temper-
ature dependence of Urbach's rule at low temperatures, in some materials.
If different parts of the low energy tail are caused by phonons
of different frequency, the relatively simple temperature dependence of
Eq. (2.2) will not hold at low temperatures, since there will be different
Teff for d;fferent Parts of the spectrum. At temperatures larger than

the highest contributing phonon energies, T becomes equal to T for all

eff
modes, and the semiclassical theory becomes identical to the classical
theory of Chapter III.

In addition to the static effects of zero-point fluctuations
included in the semiclassical theory, there are dynamic effects of non-

zero phonon energies which are much more difficult to include, and which

may even have an effect on the absorption tail at temperatures larger
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than the phonon frequencies. One effect is that the absorption of a
phonon is accompanied by a decrease in energy of the phonon system. Thus,
speaking in the language of perturbation theory, if an exciton created by
a photon is scattered several times by the phonon system, absorbing a
phonon in each case, the final state may have a total energy relative to
the initial state which is considerably -lower than the energy of the
exciton alone. This effect, of course, will tend to increase the ab-
sorption of photons below the energy EO-

The opposite effect will tend to decrease absorption in the
low energy tail to a value below that predicted by the semiclassical
approximation. When the exciton emits a phonon, the energy of the phonon
system is increased; if the exciton is scattered a number of times,
emitting a phonon each time, the final state will have an energy greater
than that of the exciton alone. If the probabilities were equal of
emitting or absorbing a phonon, the net effect of sometimes gaining and
sometimes losing energy would be certain to increase the absorption in
the low energy tail. However, at low temperatures, the probability of
emitting a phonon greatly exceeds that of absorbing a phonon, and the net
effect may be to produce less absorption in the low energy tail than is

calculated in the semijclassical theory.

Localized exciton with linear phonon coupling. In order to

understand the nature of the dynamic effects of phonon energies, we shall
first study a simple model. We consider an exciton in a band of zero
width, interacting with phonons of non-zero frequency, with an exciton-

phonon interaction linear in the phonon coordinates and independent of
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the exciton momentum:

- + \ +
H = ) @ b . b, + > E a. a
&k k[0 kK
g 3
\ +
+ (Ck a K aEfk' b, + Hermitian conjugate)
kk?

(2.3)
In (2.3), a+x is the creation operator for an exciton at the lattice site X.
The exciton ;osition is a constant of the motion, in this model; the Green's
function G(x, x'; E) for the exciton is diagonal in position, and the
spectral density.A(g, E) is independent of E and is equal to the imaginary
part of G(x, x'; E).

The model described above is exactly solvable, as shown by Lax.

The spectral density A(E) is given by the eguation

AER) = %fe“E'EO)t At) at , (2.4)
Wwhere
A(t) = exp[F(t)] , (2.5)

and F(t) in turn is defined by

lclil2

2

E %k

~

F(t) = {[n(a%)+ l]e_iwké + n(ak)eiaké + it - [2n@gk) + l]} .

(2.6)

Here, as in the previous chapters, n(w) is the thermal occupation of a

Phonon of frequency w. In the future we shall often denote n{w ) simply
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by nk: An alternative solution for A(E), which in many cases is more
suited to computer calculations, has been derived by Hopfield.7 He intro-
P
L
duces an overall coupling constant, A2, in front of all the Ck’ and

examines the behavior of A(E) as a function of A. He finds that A(E)

obeys a "transport equation

a‘g\iE) - J‘FF(E-E’)A(E')‘dE' , (2.7)

where the kernel F(E - E') is the fourier transform of F(t). As an
"initial condition” to this transport equation, we note that A(E) = B(E-EO),
when N = 0. In cases where an analytic expression can be found for A(t),
numerical calculations can be more easily performed by using (2.4) and

(2.6) than by using (2.7). Duke and Mahan8 have performed calculations
using (2.4) - (2.6) of the density of one-electron states for models ap-
propriate to several kinds of localized electronic states, coupled to the
phonons via longitudinal optical, piezoelectric, and deformation potential
interactions.

If all the phonons have the same frequency wb, the spectral
density has a relatively simple form. It is a series of d-functions
separated in energy by integral multiples of ab, The weights of the 8-
functions may be expressed in terms of modified Bessel's functions of
integral order.

In order to study small deviations from semiclassical behavior
caused by non-zero phonon frequencies, we shall work with Equations (2.4) -

(2.6). If we expand F(t) in powers of akt, we find

K
-w —— ..
6 an

2
2 N (en, + 1)o ~ (it)
(it) (it) s X (2.8)

| FOU—

‘ Tt
F(t) = Z !ck12 [(2p +1)
P
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If we keep only the lowest term in this expansion, we find

A(t) = exp(- nto/2) (2.9)
where
\ | 2
no= ) le ] (emy + 1) . (2.10)
% ~ -

.Taking the Fourier transform of (2.9) we obtain the semiclassical result

}_.I

-
e

1
-5 2
AE) = (2m)72 exp[- (E - B_)/2n]

o~
Ao}

The temperature dependence of N is contained in the factor (2nk + 1). For
high temperatures this is proportional to the temperature T; for general
temperatures it is proportional to the effective temperature defind by
"Eq. (2.1).

When higher terms in the expansion (2.8) are taken into account,

(2.11) will no longer be exact. In general, we may write

N

A(E) (emn)”

lil

exp[- (E - EO)E/En + AE, T)] . (2.12)

We shall say that the semiclassical approximation is good at energy E, if
A, T)| is small compared to [(E - EO)E/En]. The magnitude of A(E, T)
can best be estimated by examining the Laplace transform of A(E). The
Laplace transform can be found by analytically continuing the Fourier

transform, A(t), to imaginary values of t. Thus we have
A(- iTt) = k/e_ET A(Eo + €) de . (2.12a)

To estimate the magnitude of A(E, T), we examine A(- iT) when T = (EO-E)/n.

. - A BN~
If we assume that A(E, T) is small compared to (E - E ) /21 and not too
o
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rapidly varying, then it follows from (2.12) and (2.12a) that when

1= (B - E)/n,

2 ® - )
A 11) ~ =T AET) o1 °©  +A®E, T) . (2.13)

exp

2
Thus, if A(E, T) is small compared to (B - Eo) /2n, the logarithm of the

Laplace transform will be dominated by the semiclassical term, % nfg,
_ (Ec - E) . . . .
when T = —2 =2/ | YWith Eq. (2.5), this implies
1 2 2
IF(- i1) - = 11°7| < E nt< , when T = (E -E)/n.
2 2 o]
(2.14)

We should also like to prove the converse of the above, i.e., that

(2.14) implies |A(E, T)| <<12L ® - EO)E/n. Unfortunately, if |A(E, T)|
,>.% (B - EO)E/n, then the approximation (2.13) does not necessarily hold,
and (2.14) is not necessarily viclated. However, if A(E, T) is reasonably
slowly varying, it can be shown that laE, T)| > % (EO - E)g/n does imply
violation of (2.14) for some T less than (EO - E)E/n and greater than zero.
Thus, a necessary and sufficient criterion for the semiclassical approxim-
ation to be valid for energies greater than E and less than Eo’ is that
(2.14) hold for 0 < T < (EO - E)/n. Using the expansion (2.8) for F(- iT),
we find that the condition for validity of the semlclassical approximation
is

- € Z‘Cklzw}i e?'z IC]E]E mlig (Enk + 1)
k k

+ : << 1
n2 12 nB

W

for 0<e< (B - E). (2.15)

In (2.15) we have kept terms arising from both the t5 and tl‘L terms in F(t),

because the even terms involve (2nk + 1) and can be more important than
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the odd terms at high temperatures. If E and w, are held fixed, (2.15)
will be satisfied if either the temperature of ;ﬁe coupling constants
are large. If the coupling constants are sufficiently large, the semi-
classical approximation will be valid even at T = 0; if the coupling
constants are very small, the semiclassical approximation will be valid
only at very high temperatures. 'It should also be noted, that for fixed

temperature, phonon frequencies, and coupling constants,the semiclassical

approximation will become invalid if !E - K ! is made sufficiently large.

[&)]

General exciton band with linear phonon coupling. We now wish

to consider the effects of finite phonon frequencies when the exciton band
is not flat. We still assume harmonic phonons with linear exciton phonon

coupling. The Hamiltonian for the model is given by

\ + U +
H = 2: €§ a K a15 + 2: a%,b K b15
3 K
—
+ + A ‘t)
+ }J (Ckk’ & 1 8 . b + Hermitian conjugate) .
k' - -

For this model, of course, an exact theory has not been discovered, and

we shall be forced to use a somewhat crude approximation. We shall first
assume that when the exciton is present in the system, it always has the
wave-function f(§ - 50), where £ 1s a fixed function and X is a fixed
lattice site. Thus, when the exciton is bresent, we project the Hamiltonian
of (2.16) onto the subspace where the exciton has wave;function . If

is the creation operator for an exciton with wave-function fx - §o)’

(f]

X
~0
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we obtain the reduced Hamiltonian

N o vt b+ at a 6+) (C bt +c*b )
Z. 9 ®x %k [flx 2[flx Z k" x Tk x|
k k
’ (2.17)
where
.
8 = Z l£®)|= (2.18)
k
\ -ik.x
chk, FkT)* £(k + k') e R T | (2.19)

=

5

The reduced Hamiltonian is essentially identical in form to the Hamiltonian
of an exciton localized at a single lattice site in a flat band, and the
exciton density of states for the reduced Hamiltonian can be found in the
same manner as for Hamiltonian (2.3).

In the semiclassical approximation, the density of states of the
reduced Hamiltonian (2.17) is identical to ;%(E - 0), the probability
distribution of the variational energy E(§O) at the given point §o' In
Chapter III, we found that when the width of the ftrial function f was of
the order of a few lattice constants, it was a good approximation to say
that the total density of states of the system is just N/Q Times pf(E - 6),
where N/Q is the number of lattice sites per unit volume. The probability
of counting an eigenstate twice by this procedure was found to be negligible
in the low energy tail. We shall make a similar approximation in our
present study: we approximate the density of states of the true Hamiltonian
by N/Q times the density of states of the reduced Hamiltonian at a single
point X’

Qur approximation for the density of states is thus

op(B) = (/2)BE), (2.20)
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where

B(E) = %[ fei(E'e)tA(t)dt, (2.21)

The function A(t) is given by Eq. (2.5) and (2.6). The spectral density

A(k, E) is approximated by
Ak, B) = @/a) |g@)[ B@E) . (2.22)

If f(g) is spread over a small number of lattice sites, ]f(li)]2 will be
of the order of Q/N, and the factor (N/Q) If (k) ;2 in (2.22) will be of
order unity.

The approximations pf(E) and A(k, E), of course, depend on the
choice of trial function f. In the case of zero-frequency phonons, we
chose f by a variational principle requiring that we maximize pf(E). It
is not clear how we should choose f when the phonon frequencies are finite.
In the region where the phonon frequencies are not too great, it seems a
reasonable choice for f to use just that function which maximizes pf(E) in
the semiclassical approximation. Since the semiclassical pf(E) is station-
ary with respect to small changes of f from its optimum value, the quantum
mechanical e will not be too sensitive to small deviations of f from its
correct value, at least if the phonon energies are not too great. It
should be emphasized that, as in Chapter III, a different function f will
be chosen for each energy E at which we wish to calculate the density of
states of the true Hamiltonian.

The approximation we have just described is certainly a crude
one, and a completely satisfactory justification for it cannot be given

at the present time. It should be noted, however, that the approximation
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gives exactly the correct density of states and spectral density for

a flat exciton band, for any magnitude of phonon energies, and for a
general exciton band the approximation agrees with the classical cal-
culations of Chapter III, if the nuclei are infinitely massive. We dc not
expect great accuracy for the approximation when both the phonon frequég-
cies and the exciton band widths are large, but we do expect the approxim-
ation to be good enough for our maln purpose: to answer the guestion of
whether or not the semiclassical approximation is valid.

Because the function B(E) is calculated in the same manner as
the function A(E) one calculates in the case of a flat exciton band, we
can use the techniques developed in the flat band case to decide whether
or not a semiclassical calculation of B(E) is a good approximation to a
quantum~mechanical calculation. The semiclassical approximation will be
valid if the inequality (2.15) is satisfied, with the coupling constants
Ck given by (2.19) and with 0 substituted for EO in (2.15). It should be

~

remembered, that the values of @ and Ck depend on the function £, and con-
sequently on the value of E.
Because we do not know the band structure and coupling constants

of the real materials we wish to investigate, we must somehow estimate the

value of Ck from. experiment. We shall do this from Urbach®s rule itself.

~

We shall assume that Urbach's rule holds in the form
— 1 -
a(E) = A ' exp[o(E - B +7/Teff)/kBTeff] s (2.23)

where -~/ Teff is the second order energy shift of the band edge as a whcle,

and AO' is of the order of magnitude of the optical absorption sbove the
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band edge. We have not yet included the second order energy shift in our
quantum mechanical procedure for calculating the density of states and
spectral density, and we assume that we can do so by simply adding the
energy shift to the kinetic energy 6. We shall also assume that the im-
portant phonons all have approximately the same frequency,<§p, and that
T pe 1s given by Eq. (2.1).

The semiclassical theory tells us that the optical absorption

a(E), which is proportional to A(Q, E), is given in the low energy tail by

a®) = g (8 T)expl- (8- 0 +2T ) /0] (2.24)

where BO(E, T) is a slowly varying function of E and T, which has the order
of magnitude of the optical absorption above the band edge. The function |
is given by Eq. (2.10) and is proportional to Teff' If we equate the ex-

ponents of (2.23) and (2.24), we find

;ﬁ !Ckl2 =—E - 6 + »fTeff)wp/ho' (2.25)
where

o' = o(E - E_ + z/Teff)/(E -0+ T ) (2.26)

Since 6 -~ Eo is greater than zero and is of the order of magnitude of
| (E& - B + VTeff)], it follows that o' is of the order of, but somewhat
smaller than, the steepness constant o. The constant o may have some
energy dependence.

The condition (2.15) for the validity of the semiclassical ap-

proximation may be written:
(2.27)
w 5 <2 W b }
D + — D < 1,
ex, T _ )Pzl |® ek, T )F@Elc |?)°
53 Terr K %8 Terr K
for all 0 < e < (9-;/Teff-E),

E
"3
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If we substitute (2.25) into (2.27), we find the critericn

: w 2
% ’72 - 71(?——f%—*—> <1, for all y such that 0 <y < g’ .
KB eff

(2.28)
 The fact. that (2.28) is independent of E, except for possible energy
dependence of o', is a coincidence. The factor QBP/EKBTeff)E is equal to
1 at absolute zero temperature, and is equal to QDP/EKBT)E at temperatures
larger than wp/gB.
For many of the materials in Table 1, ¢ is in the vicinity of 1.
The maximum value of;[72 - 7{, in the domain 0 < y < 1.2, occurs at y = %,
and has the va.luely2 - 7[ = %. Thus for these materials at absolute zero,
the left-hand side of the inequality (2.28) has the maximum value l/3u The
inequality is thus only weakly satisfied, and it is not clear whether or
not the semiclassical approximation is valid at T = 0. At high temperatures,
however, the inequality (2.28) is very well satisfied. The exact value of
(2.28) depends on what one puts in for the relevant phonon frequency. The
most conservative choice is to use the highest possible phonon frequency,
generally the frequency of the longitudinal optical mode. The optical mode
frequencies for some of the materials exhibiting Urbach's rule are given in
.Table 2.
The highest temperature at which Urbach's rule has been observed
is 1000°K. This measurement was made in potassium bromide, which has a
longitudinal optical phonon frequency‘qi‘= EBOOK. The left-hand side of
(2.28) in this case is less than 0.005.
For the materials in Table 1 which have steepness constant o > 2,

it is probable that a semiclassical theory would not be valid at OOK°
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Whether or not a semiclassical theory would be valid at the actual temper-
atures at which data have been taken depends critically on the frequencies
of the relevant phonons. If the important phonons in these materials are
long wavelength acoustic phonons, then the classical theory may well be
valid. The fact that in these materials the slope of log ¢ (w) is inversely
Proportional to temperature down to the lowest temperatures studied, is
consistent with this possibility.

An interesting example of a material in which a semiclassical
theory would not be valid at low temperatures is CdTe,9 Marple and Segall
have observed the low energy absorption tail of CdTe over the temperature
range 2.10 - 177OK. At temperatures from 590 to 9OOK a clearly defined
shoulder appears in the optical absorption at an energy one longitudinal-
optical~phonon frequency below the band edge. At temperatures 900 to 15OOK
a second bump is apparent two longitudinal-optical-phonon frequencies below
the band edge. At 177OK the optical absorption looks almost straight on a
semilogarithmic scale, corresponding to an Urbach’s rule tail with o =~ k.

The implication of these observations is that at low temperatures
the low energy tail is simply due to the absorption by the exciton of one
or two optical phonons. This is borne out by the fact that the height of
the first shoulder, at low temperatures, is roughly proportional to
exp(- wL/kBT), the population of the optical phonon mode. When the ab-
sorption of only one or two phonons is involved, we expect to obtain good
results from the first few orders of perturbation theory, or from a self~
consistent Green's function calculation. Segall and Marple have made a
perturbation theoretic calculation for CdTe, and have found that they could

fit the experimental data quite well over the entire range of observations.
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There are other examples where effects of finite phonon
frequencies appear. In the case of anthracene, mentioned in Table 1, the
Urbach's rule tail, which falls from the absorption edge, levels off into
a shoulder which occurs at one opbical-phonon frequency below the absorp-
tion edge.lo The Urbach's tail is probably due to acoustic phonons, while
the shoulder is clearly due to the absorption of one optical phonon. A

1
similar situation may occur in CdS at low temperatures.

Nonlinear systems. Thus far, we have considered the dynamic

effects of finite phonon frequencies under the assumption that the excitons
are coupled linearly to harmonic phonons. If nonlinear terms are important
in the exciton-phonon coupling, or if anharmonic terms are important in the
phonon Hamiltonian, it becomes much more difficult to say anything about the
effect of phonon energies. In a linear system, the interaction Hamiltonian
only couples states which differ by one phonon occupation number; as a con~
sequence, one cannot obtain a lot of energy from the phonon system except
in very high orders of perturbation theory. In a system with nonlinear
phonon-exciton coupling or anharmonic phonons, the interaction Hamiltonian
can connect states differing by two or more phonon numbers, and it may be
easier to get energy from the phonons. Thus the possibility exists that
vhonon energies may be important in real materials, when estimates based on
the assumptions of a linear-system indicate that they would not be important.
This possibility may even exist when the semiclassical approach indicates
that the nonlinear phonon coupling is small éompared to the linear coupling.

Although this problem has been studied at some length, we are not in
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Position to shed much light on the matter at the present time. A few
results of our study should be mentioned, however.

We have examined the model proposed by Toyozawag’3 to explain
Urbach's rule which we mentionéd in section 1: a localized exciton inter~
acting with harmonic phonons via an interaction proportional to the square
of a local deformation. Toyozawa has studied this model semiclassically,
and he has found a spectral density proportional to (EO - E)-% explo(E - EO)

[k, T _.]for E <E_ and zero spectral density for E > E . Toyozawa'®s mode
i O - - (6]

can be solved exactly, quantum mechanically, if all the phonons have the
same frequency, provided that the coupling is not too strong (o, computed
semiclassically, must be > l).12 Although given in analytic form, the
results are not too easy to interpret at finite temperatures. At OOK, how-
ever, they show an important qualitative deviation from the semiclassical
results. The spectral density has an exponential tail on the positive
energy side, and vanishes completely for energies more than one-half phonon
Trequency below‘EO. If the coupling is strong (o < 1), then the oscillator
is unstable when the exciton is Present, and a quantum-mechanical calcula-
tion is more difficult to make. A low energy tall will exist in this case,
even at OOK, but it will almost certainly fall off much more rapidly than
the semiclassical estimate if o is not too different from 1. Thus Toyozawa's
model is apparently incorrect at low temperatures in those materials of
Table 1 where the steepness of the Urbach's tail has been observed to become
independent of temperature as T —aOOK.

We have also attempted to get information about Toyozawa?s model
at finite temperatures by studying the Laplace transform of the spectral

density. We have set upper and lower bounds to the asymptotic form of the
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spectral density as E - EO — - o, which assure us that the semiclassical
analysis is essentially correct when kBTeff/g is sufficiently large compared
to the phonon energy. These bounds are only of marginal usefulness, however,
for the parameters appropriate to the experimental results which have been

. so far obtained.

We have also considered phonon systems which are extremely an-
harmonic, i.e., systems in which the lattice potential energy becomes in-
finite when an atom is displaced from equilibriﬁm, in some direction, by an
amount comparable to the zero-point fluctuation. One finds, at least in some
cases, that a linear exciton phonon interaction can appreciably couple very
high excited phonon states directly to the ground state of the oscillator.

It is then possible for the exciton to obtain all the phonon energy at a
single lattice site by scattering in first order perturbation theory. One
finds a low energy tail of optical absorption which essentially varies as
exp[ (B - EO)/kBT]. If this extreme anharmonic picture wer valid, we would
have an explanation of Urbach's rule (with o = 1) which was independent of

the exciton band structure and other detalls of the particular material.
Unfortunately, all estimates of real materials indicate that the anharmonicity

is much too small to produce such a simple explanation of Urbach's rule.

Section 3. Terms Left out of the Model

Before abandoning our search for a simple explanation of Urbach's
rule, it is necessary to examine some of the terms present in the general
theory of optical absorption outlined in Chapter I, which have been dropped

from the models we have thus far considered. These terms have generally been
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dismissed because they are considered. 'small" or "negligible” compared to
the terms which have been kept in our models. However, in the low energy
tail, where the absorption is in any case very small, one must be sure
that the "small" terms do not dominate.

One approximation which may be reexamined is the neglect of the
dependence of the electronic current operator on the displacements of the
nuclel, arising from the dependence of the definition of "unperturbed®
exciton creation operators a+kp themselves on the lattice configuration.
[Cf. Eq. (2.10), Chapter I.] f&hus, the virtual exciton created by an
incident photon in a deformed lattice is not necessarily placed in the
zero~-momentum state,!but it may be put in a state which has somewhat
larger or smaller amplitudes in regions of large deformations. In a lat-
tice of infinitely massive nuclei, this may lead to an enhancement of the
optical absorption in the low energy tall, because the virtual state so
created may have a larger overlap with a low energy eigenstate, localized
in a region of large deformation, than does the zero momentum exciton
state. However, a dependence of the current operator on the lattice con-
figuration cannot lead to any change in the most important factor affect-
-ing the optical absorpiion in the low energy tail, namely, the total exciton
density of states, p(E). Thus, although a deformation dependence of the
current operator could conceivably produce a factor of two in the optical
absorption at low energies, it could not lead to a significant change in
the exponential drop off of the absorption. It can also be shown that the
deformation dependence of the current operator will not be important in the

low energy tail when the nuclei have finite mass, as long as the current

operator is a smooth function of the deformation. It should be mentioned,
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however, that there is no apparent reason why the deformation dependence
of the current operator will not play an important role in the magnitude
of optical absoption due to indirect transitions, above the fundamental
edge.

Another possible source for optical attentuation in the low
energy tail is Brillouin or Raman scattering of light. (See Eq. (1.17),
Chapter I, and the following discussion. ) This possibility has in fact

15

been considered by Agronovich and Konobeev. Ordirarily, the scattering
of light by phonons is extremely weak, leading to attenuation lengths of
the order of :LOLF cm. In the vicinity of the fundamental absorption edge,
however, where the dielectric constant is a rapidly varying function of
energy, a lattice distortion which produces a small change in the band gap
can result in a large change in dielectric constant. Thus the Brillouin
and Raman scattering of light may be several orders of magnitude greater
near the band edge than would otherwise be expected. There are a number
of reasons, however, why this cannot be the explanation of Urbach's rule.
In the first place, the temperature dependence is wrong ~- at a given
distance below the absorption edge the Brillouin and Raman scattering
should be roughly proportional to the temperature, for temperatures larger
than the phonon freguencies. In the second place, although the coupling
between phonons and photons does depend on the distance of the photon
energy from the absorption threshhold, it does not lead to anything as
rapld as an exponential decrease in the scattering with decreasing energy.
Agranovich and Konobeev find in their model, that a(E) is prépoftional to
!E - EO§—9/2, when B is well belOW'Eoo They also find that o(E) increases

very rapidly as E gets close tc Eo’ but this result is due to thelr manner



- 160 -

of treating the dielectric constant. They essentially assume that the
dielectric constant has a pole corresponding to an exciton of infinite
transport lifetime, whose energy may be shifted by a deformation. If the
broadening of the exciton pole due to phonon scattering were included
properly, they would not find such a large Brillouin scattering right near
the threshhold. A rough estimate of the magnitude of the Brillouin and
Raman scattering, using experimentally observed exciton line widths, in-
dicates that the attenuation due to scattering would be smaller than the

observed low energy tails in most, if not all, of the region of observation.

Section 4. Coneclusions

The theory of the low energy tail developed in Chapter IIT is
consistent with, but does not explain, the empirically observed Urbach's
rule. Because of the great success of our theory in its application to an
exactly solvable one-dimensional model, we strongly believe that, if it is
indeed corfect to treat the phonons as static thermal fluctuastions, then the
theory of Chapter III should be apblicable to real crystals, with semiclas-
sical modification to include zero-point fluctuations at low temperatures.
Our investigation of possible dynamic effects of phonons indicates that the
assumption of static phonons is permissible in at least some, and possibly
all, of the materials and temperatures where Urbach's rule has been observed,
provided that one may assume harmonic phonons and a linear exciton-phonon
interaction. The possibility of enhanced dynamic effects, due to nonlinear

exciton-phonon interactions or anharmonic terms in the phonon Hamiltonian,

L T

has not been definitely ruled out. The search for a simple alternative ex-

Planation of Urbach's rule has not met with any success.
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TABLES FOR CHAPTER IV

Table 1. Experimental Confirmations of Urbach's Rule
Taken from Toyozawa, Reference 2, p. 61. References to the

experimental literature are given in the original table.

The constants o and wb are defined in Eg. (2.1), Chapter IV, of
the present text. The constant TO, where observed, is the limiting value
of the effective temperature in Urbach's rule, as the true temperature T
approaches OOK. The qﬁantity SR is the energy of the absorption peak at
the lowest temperature or that extrapolated to OOK.

The case of TI1Cl requires special explanation. This crystal
appears to be a direct material at low temperatures. At high temperatures,
another position of the Brillouin zone appears to be shifted down to energies
lower than the local minimum at E = 0. The coupling between the indirect
.edge and the % = 0 states is sufficiently weak so that the indirect ab-
sorption is several orders of magnitude weaker than the direct absorption.

At high temperatures, two absorption edges appear, each with its own Urbach's
tail, one made up of states near the indirect edge, and one made up of states
near the direct edge. The absorption drops rapidly in an Urbach tail from
the direct edge and levels off at the "background level” of indirect ab-
sorption. At the indirect absorption edge, this "background” itself drops

off in an Urbach tail.
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TABLE 2

TRANSVERSE AND LONGITUDINAL OPTICAL PHONON

FREQUENCIES
Natural U @ Ref.
KBr 160°K 230°K a
KI 140 210 a
KC1 200 300 a
AgCl 150 250 a
AgBr 110 180 a
TiCl 120 310 a
InAs 300 330 b
InSb 250 260 b

a) M. Born and K. Huang, Dynamical Theory of Crystal Lattices, (Oxford

University Press, Oxford, 1954) p. 85.

b) H. P. R. Frederikse in American Institute of Physics Handbook, (McGraw-

Hill Book Company, Inc., New York, 1963), 2nd ed., p. 9-62.
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